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Least mean squares filters compute the parameter that minimizes
the mean squared error between the output and prediction signals

output signalinput signal prediction signal

w ∈W

x(t) ∈ Rd y(t) ∈ R

min

search space

1

2
E{(ŷ(t)− y(t))2}

Given

Solve

error signal

ŷ(t) = fw(x(t)) + ν(t)

noise



Steepest descent is a typical approach to solve that problem

Global update equation:

Stochastic approximation:

ẇ = −E{∇w(ŷ(t)− y(t))2}

ẇ = −∇w(ŷ(t)− y(t))2
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The most simple example is linear least mean squares in

Widrow-Hoff’s algorithm (1960)

Rd

x(t) ∈ Rd y(t) ∈ R ŷ(t) = wTx(t) + ν(t)

ẇ = −(wTx(t)− y(t))x(t)



For a binary input signals, one recovers the perceptron algorithm

Perceptron algorithm (1958)

x(t) ∈ Rd y(t) ∈ {−1,+1} ŷ(t) = σ(wTx(t) + ν(t))

activation function

ẇ = − (ŷ(t)− y(t))σ�(ŷ(t))x(t)



LMS filters on non linear search spaces include flows for subspace tracking

orthogonal projector
on a r-dimensional subspace

ŷ(t) = VVTx(t) + ν(t)x(t) = y(t) ∈ Rd

The problem amounts to solve min
V ∈ Gr(r, d)

1

2
E{�ŷ(t)− x(t)�22}

Grassmann manifold of
r-dimensional subspaces in Rd



The search space is in fact a set of equivalence classes

∆

Quotient space

Total space

[V]

St(r, d)

St(r, d)/O(r)

V

VO

(I−VVT )∆

Oja’s flow for subspace tracking (1992) V̇ = −(I−VVT )x(t)x(t)V



We consider the generalization to p.s.d. matrices of fixed (low) rank

y(t) ∈ R ŷ(t) = Tr(WX(t)) + ν(t)

where

W ∈ S+(r, d) = {W ∈ Rd×d : W = WT � 0 and rank(W) = r}

X(t) = X(t)T ∈ Rd×d



An important application is the learning of a quadratic distance

Goal: compute a quadratic distance between data points

dW(xi,xj) = (xi − xj)
TW(xi − xj)

xi,xj ∈ Rd

from observed distance relations between these data points:

= y

xi

xj

≥ y ≤ y

The computational cost of algorithms is significantly reduced when is low-rankW
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The set S+(r, d) has a rich Riemannian geometry that can be exploited

The geometries of interest are rooted in the factorization

W = GGT with

Invariance to rotations G �→ GO

G ∈ Rd×r
∗

suggests the quotient representation

S+(r, d) � Rd×r
∗ /O(r)



A first algorithm is obtained using a flat Riemannian metric

Resulting algorithm

Quotient space

Total space

Riemannian metric

Rd×r
∗

Rd×r
∗ /O(r)

GO

G

[G]

ξ̄G

g[G](ξ̄G, ζ̄G) � Tr(ξ̄TGζ̄G)

Ġ = −(ŷ(t)− y(t))X(t)G



An alternative parameterization is obtained from the polar decomposition

The matrix polar decomposition

with

G = UR leads to the parameterization

W = UR2UT U ∈ St(r, d) and R2 ∈ S+(r)

Invariance to suggests the quotient(U,R2) �→ (UO,OT
R

2
O)

S+(r, d) � (St(r, d)× S+(r))/O(r)



Quotient space

Total space

(St(r, d)× S+(r))/O(r)

St(r, d)× S+(r)

[(U,R2)]

(UO,OT
R

2
O)

(ξ̄U, ξ̄R2)
(U,R2)

Riemannian metric

g[(U,R2)] �
1

λ
Tr(ξ̄TUζ̄U) +

1

1− λ
Tr(R2ξ̄R2R2ζ̄R2)

Stiefel metric Affine-invariant metric of S+(r)

A proper choice of the Riemannian metric results in
distinct equations for the subspace     and the full-rank matrix U R2



Quotient space

Total space

(St(r, d)× S+(r))/O(r)

St(r, d)× S+(r)

[(U,R2)]

(UO,OT
R

2
O)

(ξ̄U, ξ̄R2)
(U,R2)

Resulting algorithm

Ṙ2

=

−(1− λ)(ŷ(t)− y(t))RUTX(t)UR

U̇

=

−λ(ŷ(t)− y(t))(I−UUT )X(t)UR2

A proper choice of the Riemannian metric results in
distinct equations for the subspace     and the full-rank matrix U R2



The tuning parameter    interpolates between two limit cases:
subspace learning and full-rank distance learning for a fixed subspace

λ

λ→ 1Subspace learning ( )

Distance learning at fixed range space (λ→ 0 )

i.e., updates are performed on the subspace only

i.e., the subspace is not allowed to evolve over time

The task reduces to a problem defined on the cone of positive definite matrices

A subspace tracking algorithm, similar to Oja’s flow is obtained

Ṙ2 = 0

U̇ = 0



Discrete gradient algorithms are obtained from the gradient flows
using the framework of optimization on matrix manifolds

P.A.  Absil, R. Mahony, R. Sepulchre, Optimization algorithms on Matrix Manifolds
Princeton University Press, 2008

M
Wt+1 = RWt(−st∇W(ŷt − yt)

2)

−st∇Wf(W)
Wt

Wt+1

TWtM

Retraction mapping
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The proposed algorithms converge to the solution
and rapidly recover from a random perturbation



We learn a discriminative Mahalanobis distance for data classification

~ 15 000 variables

Training set
learning

Testing set

~ 150 samples

~ 150 samples

G

GT

≥ u

≤ l

?

k-NN search 
based on

dGGT (xi,xj)

=
?



Our approach outperforms methods that first reduce the data dimension
and then learn a quadratic distance on the data of reduced dimension
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Conclusion

We propose generalization of LMS filters to p.s.d. matrices of fixed (low) rank

Good results are obtained in data mining applications

The algorithms intrinsically constrain the parameter within the search space of interest

Distinct and coupled equations for the subspace and the full-rank matrix in that subspace
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