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Abstract— This paper presents a new method to combine
measurements from motion sensors (wheel encoders or inertial
measurements) with relative pose estimates inferred from scan
matching of dense depth images taken at different time instants.
These can optionally be completed with measurements of
relative position to landmarks with known location. The fusion
is performed through an invariant extended Kalman filter
(IEKF) with augmented state, as an application of the stochastic
cloning method. This results in a fusion algorithm allowing
to include IMU information in pose EKF-SLAM and which
inherits the desirable properties of IEKFs, that is, although the
system is non-linear, the evolution of the error is independent
of the trajectory, as in the linear case.

the graph. Incoroporating inertial measurements and building
the solution iteratively has recently been proposed in [17].
Figure 1 presents the problem of data fusion with multirates
and relative state measurements as a factor graph.

I. I NTRODUCTION
To control a moving robot, or to make it fully autonomous,
it is important to accurately estimate its position and its
orientation, that is, its pose. Ego-localization is usually
performed by fusing information from proprioceptive motion
sensors such as wheel encoders for ground vehicles or inertial
measurement units (IMU) that consist of accelerometers and
gyrometers, with information from other exteroceptive sensors such as GPS, cameras, and laser telemeters (LIDARS)
for instance. When scans of the environment yield dense
clouds of 3D points, as is the case with the Microsoft Kinect
sensor of the Velodyne, the clouds obtained at different time
instants can be matched to infer a relative displacement
(pose) between the poses at those instants. The matching
is typically handled by an iterative closest point algorithm
(ICP) (see e.g., [21]). In turn, in order to feed an extended
Kalman filter (EKF) or a particle filter or a maximum
likelihood trajectory estimator, as in the smoothing problem,
one must assess a probability distribution, or a covariance
matrix, to the error on the relative pose returned by the ICP.
Various papers have addressed this issue, see e.g. [10] and
the references therein, as well as our more recent work [2].
Navigating with proprioceptive sensors and relative state
measurements has also been the focus of various works
(see e.g. [20] and the references therein), and the most
recent approaches treat it as a variant of a simultaneous
localization and mapping problem (SLAM) where one seeks
to estimate only the robot trajectory and the environment is
only used to provide relative poses measurements e.g. [16].
Pose SLAM is a sub-field of Graph SLAM [24] which is
a smoothing algorithm in essence as it consists in seeking
the maximum likelihood trajectory given measurements over
a fixed time window. Each relative pose measurement is
viewed as a (small) loop closure and adds a new constraint in
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Fig. 1.
Factor graph representation of the measurements relating the
states (nodes). The IMU measurements relate any two consecutive states,
whereas from time to time landmarks with known locations are observed,
and matching images obtained at different time instants allows to relate
some non-consecutive states.

In this paper we consider the problem of real-time localization, that is, the filtering and not the smoothing problem,
for a robot equipped with proprioceptive sensors and a depth
image sensor device, like the Kinect sensor. We devise
an IEKF for the problem on the one hand for a mobile
robot equipped with wheel encoders and on the other for
a small Unmanned Aerial Vehicle (UAV) equipped with an
IMU (see e.g. [15], [14] for an introduction to non-linear
attitude estimation using IMUs). Due to a lack of space, we
follow the methodology of [4] to the letter, and the reader is
referred to this paper for more details. This yields a sensible
fusion algorithm, as it is based on Kalman equations that
explicitly account for the noises in the sensors (it is an EKF
in essence), which inherits all the desirable properties of
the IEKFs [8], [7], notably the nice autonomous structure
of the error system, that reminds of the linear case albeit
in the non-linear case, and potentially deterministic local
convergence properties that conventional EKFs lack, and that
stem from [4]. Note the advantages over the usual EKF have
also notably been experimentally illustrated in [11], [1], [19],
[3]. The latter results indicate the proposed IEKF for the
considered pose SLAM problem should be very well behaved
in practice. More results on invariant observers on Lie groups
can be found in, e.g., [22], [25], [12], [9], [18], [23].
The contributions and organization of the present paper
are as follows. In Section II, we first recap how covariance
matrices associated to scan matching based pose estimates
are derived, and then we review the stochastic cloning (SC)

EKF algorithm of [20]. In Section III we derive a novel (SC)
IEKF for the fusion of wheel encoders and relative poses
from depth images for a ground mobile robot. This is an
extension of [1] which only considers the case of fusion with
scans from a known 3D-map. In Section IV we derive a novel
EKF, namely, a SC-IEKF, for fusion of IMU outputs with
relative poses from depth images taken at different instants.
Optionally, landmarks with known location in a prior map
are also measured. Beyond the fact it provides a novel and
simple algorithm in GPS-denied environments, the non-linear
structure of the algorithm respects the underlying geometry
of the state space, and possesses several striking properties.
The main contributions of this paper are 1- to prove the pose
SLAM problem with relative state measurements lends itself
to invariant Kalman filtering through the trick of equation
(2), and stochastic cloning, and 2- to derive a technogically
meaningful non-linear filtering algorithm for fusion of IMU
and depth images with nice mathematical properties.
II. R ELATIVE POSE MEASUREMENTS
A. Covariance of relative displacement measurements
At time tn , a snapshot depth image of the environment
is taken (for instance using a Kinect sensor). A few seconds
later, at time tn+1 , another depth image is taken. The comparison between those two images allows to compute, up to some
errors, the relative pose between both images. Such relative
pose is usually computed by a scan matching algorithm,
the most popular being the Iterative Closest Point (ICP)
algorithm, that computes a relative pose from dense depth
scans by alternating an optimal matching step between both
clouds for fixed relative pose, and an optimal relative pose
calculation for fixed matching, iteratively, until convergence.
Alternatively, the relative measurements can be performed
through a stereo camera vision system, but this is not the
focus of the paper.
The point-to-plane ICP algorithm works as follows. Consider two scans {pi }1≤i≤N and {qi }1≤i≤M obtained by scanning the environnement from different poses. Eeach point
pi ∈ R3 corresponds to a point of the environnement measured in the camera frame through the depth camera sensor.
To compute the relative pose between both scans, one must
find the right matching between the points (that is, which
q j in the second scan corresponds to the point pi of the
first scan) and one must also find the transfomation that
maps the first scan to the second scan. When both scans are
not too far from each other, the point-to-plane ICP iterates
the following steps until convergence a) match each pi of
the first scan with its closest point q j of the second scan
b) relabel qi the point q j that was matched with pi c)
find the rotation R and translation x minimizing the cost
J(R, x) = ∑i ((qi − Rpi − x)T ni )2 where ni denotes the normal
vector to the scanned surface at pi d) transform the whole
scan through R{pi }1≤i≤N + x and for each i let pi denote the
transformed point Rpi + x.
Of course even if both clouds are close to each other
initially, so that there is a large overlap and the final matching
is correct, the returned transformation (R, x) is not the exact

relative pose between both scans due to sensor noise. There
has been several attempts to assess a covariance matrix
N to the obtained pose (see e.g. [5]). The methods are
based on the following heuristic approach, mathematically
justified for point-to-plane ICP in [2]: fix the matching
between both clouds at its final convergence value. First
consider
representation of SE(3) by letting
 the homogenous
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[10] where z denotes the

data. Let
the noise in the Lie algebra se(3)
with covariance N. If we let {pi } be the cloud obtained by
scanning the environnement at time tn and {qi } the cloud
obtained by scanning the environnement at time tn+1 , then
the ICP returns the noisy relative pose (see [1] for more
details):
Etn+1 = Vn+1 Xt−1
X ,
n+1 tn

Vn = expse(3) (vn+1 ),

cov(vn ) = N
(1)

B. Stochastic cloning for relative state measurements
The relative pose measurements taken from a depth sensor
mounted on a vehicle relate the vehicle’s state at different
time instants (see Fig. 1). Such measurements go beyond
the framework of standand Kalman filtering. To be handled
properly in a probabilistic framework, the state needs to be
duplicated at each time a depth image is taken. The method
is called stochastic cloning (SC) and results in the so-called
SC-KF as follows [20]. Suppose at time tn when a first cloud
is scanned the state is Xtn with covariance matrix Ptn . For
the sake of conciseness assume linear evolution equations
d
dt Xt = At Xt + Gt wt and relative measurements of the linear
form Xtn − Xtn+1 . At time tn duplicate the state to form the
augmented state vector


T
P Ptn
X̌tn = Xtn Xtn , P̌tn = tn
Ptn Ptn
Propagate by letting only the second variable of X̌t evolve.

0 0
This results in a linear evolution equation with Ǎt =
0 At
T
and Ǧt = 0 Gt . The corresponding augmented state
estimate and error covariance matrix can be propagated
through the usual Kalman equations in the augmented state
space. At time tn+1 , the estimate X̌tn+1 is updated using
standard Kalman
equations (see e.g., eq (3) below) with

H = −I I . This updates both Xtn and Xtn+1 into Xt+
and
n
Xt+
,
which
allows
to
retain
the
full
correlation
between
n+1
both. Then, reduce the state to its second variable Xt+
along
n+1
with its covariance, i.e., the corresponding submatrix of P̌tn+1 ,
and let it evolve through the non-duplicated equation. This
must be done until the next scan measurement is available,
where stochastic cloning will be needed again.

The paper [20] also investigates the effect of correlations
between successive scans of the same environment. The
IEKF approach being already non-trivial we will avoid this
problem here by assuming each time an image is matched to
the previous image, this image is discarded and not re-used
for further matching.
III. IEKF P OSE SLAM FOR WHEELED ROBOTS
The robot is assumed to be equipped with a depth images
sensor, such as a Kinect. At time tn , a snapshot depth image
of the environment is taken. A few seconds later, at time tn+1 ,
another depth image is taken. The comparison between those
two images allow to compute up to some errors, the relative
displacement between the two images. This provides a partial
information about the state. The goal of the pose SLAM
problem is to compute an approximation of the distribution
of Xt conditioned on the past observations of the form (1).
Note that, as a charateristics of SLAM problems, the pose Xt
is not observable as only relative poses are measured. This
inevitably induces a drift in the covariance of the computed
trajectory (unless a loop closure is detected, but we do not
consider this case in the present navigation oriented paper).
A. High-rate measurements: continuous-time dynamics
We consider a wheeled robot equipped with wheel encoders evolving on an approximatively flat ground (the socalled 2.5D case). Its pose can be parameterized by Xt ∈
SE(3), that is, the transformation from the body frame
to the fixed frame. Due to the fact the wheel encoders’
measurements come at high frequency, the equations can be
written in continuous time as follows. If we let P = (x, y, z)T
denote the position in 3D of
 the robot,
 and R ∈ SO(3) its
Rt
Pt
orientation and we let Xt =
(see the Appendix
01×3 1
for more details), the kinematics equations write (e.g. [13]):


d
(ω + wtR )× ve1 + wtp
Xt = Xt (Ωt + wt ), Ωt + wt =
01,3
0
dt
where v is the linear velocity measured by wheel encoders,
u is a function of the steering angle (or alternatively the yaw
angular velocity can be obtained by difference between wheel
encoders), ω = (0, 0, uv)T , or alternatively ω is measured by
a gyroscope, where e1 = (1, 0, 0)T is the heading direction of
the robot (approximate rolling without slip is assumed) and
where 1- the angular noise wtR accounts for the yaw angular
velocity uncertainties, and also for the fact the ground may
not be totally flat and 2- wtp is the velocity noise in the body
frame accounting for longitudinal and lateral slip.
B. The complete model in matrix form
To address the problem above, we suppose there is a first
depth image available at tn and we consider the augmented
state whose only the second part is let evolve until time tn+1
where another depth image is obtained and matched with the
first one
 
Xtn
χt =
, tn ≤ t ≤ tn+1
Xt

which leads to the evolution equation


d
0
χt =
Xt (Ωt + wt )
dt
The right invariant error is thus defined as
  

ηtn
X̂tn Xt−1
n
et =
:=
ηt
X̂t Xt−1
The outputs are compatible with this error in the sense of
[6] as we can calculate the following modified measurement
errors based on the ICP outputs (1)
= V̂tn ηtn+1 ηt−1
X̂tn+1 Etn+1 X̂t−1
n
n
where

(2)

V̂t = X̂t Vt X̂t−1 .

C. Invariant extended Kalman filter algorithm
We now follow the methodology of [4] to the letter. During
the propagation step the RIEKF equations write


d
0
χ̂t =
, tn ≤ t ≤ tn+1
X̂t Ωt
dt
with update step based on measurements at times tn ,tn+1


exp[(Ln+1 exp−1 (X̂tn+1 Etn+1 X̂t−1
))1:3 ]X̂tn
+
n
χ̂tn+1 =
exp[(Ln+1 exp−1 (X̂tn+1 Etn+1 X̂t−1
)) ]X̂
n+1 4:6 tn+1
where the exponential map of SE(3) is defined in Appendix
I-A. The right-invariant error evolution thus reads


d
0
et =
−ŵt ηt
dt
where ŵt = X̂t wt X̂t−1 and the update step yields


exp[(Ln+1 exp−1 (V̂tn ηtn+1 ηt−1
)4:6 ]ηtn
+
n
etn+1 =
exp[(Ln+1 exp−1 (V̂tn ηtn+1 ηt−1
)1:3 ]ηtn+1
n
To linearize this equation we introduce the linearized error
ξt defined by ηt = I4 + Lse(3) (ξt ) and the linearized observation noise defined as Vn = I4 + Lse(3) (vn ). Introducing
ηt = I4 + Lse(3) (ξt ), ηt+ = I4 + Lse(3) (ξt+ ), ηt−1 = I4 −
Lse(3) (ξt ), and exp−1 (ab) = exp−1 (a) + exp−1 (b) in the
latter error equations and removing the terms of second order
O(kξ k2 , kwk2 , kvn k2 , kξ kkwk, kξ kkvn k) we obtain:
 + 

d
ξtn
ξtn
ξt = −ŵt ,
=
− Ln (ξtn − ξtn+1 − vn )
ξt+
ξtn+1
dt
n+1
The gains Ln+1 are computed by initialization


P Ptn
P̌tn = tn
, where cov(ξtn ) = Ptn
Ptn Ptn
and Riccati evolution
d
P̌t = ǍP̌t + P̌t ǍT + Q̌t , Sn+1 = H P̌tn+1 H T + N̂n+1 ,
dt
(3)
Ln+1 = P̌tn+1 H T S−1 , P̌t+
=
(I
−
L
H)
P̌
t
n+1
n+1
n+1
where the matrices A, H, Q̌ and N̂ defined by:



0
0
A = 06,6 , H = −I6 I6 , Q̌t =
0 cov(ŵt )
N̂n+1 = cov(v̂n+1 )

Until the next measurement time tn+2 , the estimated state
boils down to X̂t with covariance the bottom right 3 × 3
.
submatrix of the augmented state covariance matrix P̌t+
n+1
D. Properties
As predictable from the theory of the IEKF, the obtained
extended Kalman filter has striking properties, that stem from
its non-linear structure anchored in the geometry of SE(3).
Proposition 1: The pair (A, H) appearing in the Riccati
equation and encoding the linearized error deterministic
system, does not depend on the trajectory, and A is null, as
in the linear static problem, although the problem at hand
is non-linear, and time-varying as the robot commands (u, v)
are totally free to take any values.
The insensitivity of the pair (A, H) to the estimate X̂t has
proved to lead to increased robustness of the filter, as
demonstrated theoretically in [4] and experimentally in [11],
[1].
E. Simulations
To briefly illustrate numerically what the filter does, we
simulated a robot in a square 2D environment, and we
implemented the proposed filter. From time to time the robot
is assumed to observe three landmarks with known location.
Note that, the corresponding update is not described in
Section III-C due to space limitations, see [4]. We observed
the filter manages to estimate correctly its pose. Figure 2
displays the 99% envelope computed by the filter for the
heading error (red line), and the true heading error (blue
line).

absolute information in the fixed frame, it is thus logical
that they yield a much larger decrease in the heading error
variance as observed. Note also that the true heading error
remains in the 99% envelope, which indicates consistency of
the filter.
IV. IEKF POSE SLAM FOR UAV S

We consider here the more complicated model of an UAV
evolving in the 3D space and whose state is parameterized
by its attitude Rt , velocity vt and position xt . The vehicle
is equipped with an IMU (accelerometers and gyroscopes)
whose measurements are denoted respectively by ut and ωt .
The continous time dynamics read:
d
d
xt = vt
vt = g + Rt (ut + wtu )
dt
dt
(4)
d
Rt = Rt (ωt + wtω )×
dt
Various kinds of observations can be considered, as illustrated on Fig. 1, but we here focus on the following:
R
x
(Vn+1
RtTn+1 Rtn , RtT (xtn − xtn+1 −Vn+1
))

(5)

R ∈ SO(3) and V x ∈ R3 are noises. (5) is the meawhere Vn+1
n+1
surement of relative pose computed by matching two depth
images taken respectively at times tn and tn+1 , corresponding
to the measurement (1).

A. The complete model in matrix form
As explained in [4], the system (4) can be embedded in
the group of double homogeneous matrices (see Appendix
I-B) using the matrices Xt , wt and function fω,u :




Rt vt xt
(wtω )× wtf 03,1
Xt = 01,3 1 0  , wt =  01,3
0
0 ,
01,3 0 1
01,3
0
0
(6)

 

R v x
R(ω)× g + Ru v
0
0
fω,u : 01,3 1 0 →  01,3
01,3 0 1
01,3
0
0
Fig. 2. 99% envelope computed by the filter for the heading error (red
line), and the true heading error (blue line). The variance is reduced at each
relative displacement observation but overall grows until landmarks with
known locations are observed.

The figure illustrates the effect of the various discrete measurements on the filter’s covariance, which is as expected.
Indeed the variance is reduced at each relative displacement
observation but overall grows until landmarks with known
locations are observed. This is because the relative displacements measurements do not give an absolute information
about the heading, so they can only limit the drift (as is
typical of SLAM applications). On the other hand landmarks
observations (for instance at time step 500) correspond to an

The dynamics then become:
d
Xt = fωt ,ut (Xt ) + Xt wt
dt
and the observations (5) are adapted as follows. Let


Rt 0 xt
M(Xt ) = 01,3 1 0 
01,3 0 1

(7)

be the operator that puts the velocity to 0. Embedding the
measurement space into the matrix representation of SE2 (3)
the relative pose measurements can thus be written
Etn+1 = Vn+1 M(Xt−1
X )
n+1 tn

(8)

B. Invariant extended Kalman filter algorithm
1) Propagation step : To account for relative pose measurements, we clone the state as follows at time tn to get for
tn ≤ t ≤ tn+1
 
Xtn
χt =
Xt
and its evolution is given by


d
0
χt =
fωt ,ut (Xt ) + Xt wt
dt

(9)

The RIEKF for the system (9) merely reads during the
propagation step:


d
0
χ̂t =
(10)
fωt ,ut (X̂t )
dt
Letting the (right-invariant) error be ηt = X̂t Xt−1 and the
corresponding invariant state error be for tn ≤ t ≤ tn+1
  

ηtn
X̂tn Xt−1
n
et =
=
ηt
X̂t Xt−1
Its evolution during the propagation step (i.e. between two
updates) reads
  

d ηtn
0
=
(11)
gωt ,ut (ηt ) − (X̂t wt X̂ −1 )ηt
dt ηt
where the function g is defined by
gω,u = η → fω,u (η) − η fω,u (I5 )
as a direct application of the results of [4]. To linearize the
equation verified by ηt we introduce the linearized error
ξt defined by ηt = I3 + Lse(3),2 (ξt ). Introducing ηt = I3 +
Lse(3),2 (ξt ) and ηt−1 = I3 −Lse(3),2 (ξt ) in (11) and removing
the terms of second order O(kξ k2 , kwk2 , kξ kkwk) we get




R̂t
03,3 03,3
03,3 03,3 03,3
d
ξt = (g)× 03,3 03,3  ξt − (v̂t )× R̂t R̂t 03,3  wt
dt
03,3
I3 03,3
(x̂t )× R̂t 03,3 R̂t
This allows to define for the linearized system matrix


03,3 03,3 03,3
A = (g)× 03,3 03,3  ,
03,3
I3 03,3
and the state noise covariance matrix



R̂t
03,3 03,3
R̂t
Q̂t = (v̂t )× R̂t R̂t 03,3  Cov(wt ) (v̂t )× R̂t
(x̂t )× R̂t 03,3 R̂t
(x̂t )× R̂t

where exp denotes the exponential map of the group SE2 (3)
as defined in Appendix I-B, and where exp−1 denotes its
inverse which must be computed numerically, and the gain
Ln is to be defined. The corresponding error update reads


exp[(Ln exp−1 (V̂n+1 M(ηtn+1 ηt−1
))1:9 ]ηtn
+
n
etn+1 =
exp[(Ln exp−1 (V̂n M(V̂n+1 M(ηtn+1 ηt−1
))10:18 ]ηtn+1
n
This implies for the first order approximation of the error as
defined above

 + 
ξtn
ξtn
=
− Ln+1 (ξtn − ξtn+1 − vn+1 )
ξt+
ξtn+1
n+1
3) IEKF final equations: Gathering all the equations
obtained we get the following filter. During the propagation
step between two consecutive depth images obtained at times
tn and tn+1 yielding a relative pose measurements (5), the
IEKF is defined by the augmented state equation (10) and
the corresponding covariance Riccati equation writes dtd P̌t =
ǍP̌t + P̌t ǍT + Q̌t with initial condition


P Ptn
P̌tn = tn
, where cov(ξtn ) = Ptn
Ptn Ptn
and


0̃
Ǎ =
0



0
0
, and Q̌t =
A
0


0
,
Q̂t

The update step is based on (12) with the gain defined by
−1
Ln+1 = P̌tn+1 H T Sn+1
with
Sn+1 = H P̌tn+1 H T + N̂n+1 , P̌t+
= (I − Ln+1 H)P̌tn+1
n+1

and where we let H = −I9 I9 , N̂n+1 = cov(v̂n+1 ).
C. Properties
Note that, the relative state measurements only do not
make the pose observable, but this is a usual feature of
SLAM problems, and we just want the filter to reflect it.
Proposition 2: The IEKF which incorporates both types
of measurements is such that the pair (A, H) which encodes
the behavior of the deterministic error system does not
depend on the trajectory, nor on the time, as in the linear
time-invariant case, although the system is non-linear and
time-varying.
V. C ONCLUSION

In this paper we have proposed two novel non-linear
T filters for pose SLAM, allowing to process relative state
03,3 03,3
measurements via stochastic cloning, both simple enough,
R̂t 03,3 
and enjoying remarkable properties. The second filter allows
03,3 R̂t
to incorporate IMU measurements, which are generally not
2) Update step: From the measurement Etn+1 , obtained at considered in the SLAM literature, but which are technologitime tn+1 one can compute
cally highly relevant due to the rather recent burst of low-cost
IMUs that now populate cell phones, cameras etc. In future
) work we would like to experimentally test those filters and
= M(X̂tn+1 Vn+1 Xt−1
X X̂ −1 ) = V̂n+1 M(ηtn+1 ηt−1
X̂tn+1 Etn+1 X̂t−1
n
n
n+1 tn tn
with V̂n+1 = X̂tn+1 Vn+1 X̂t−1
. The corresponding update for the compare them to state-of-the art SLAM approaches. Indeed,
n+1
EKFs are generally disdained by the SLAM community
IEKF writes


due to their shortcomings (inconsistency). We anticipate our
exp[(Ln exp−1 (X̂tn+1 Etn+1 X̂t−1
)1:9 ]X̂tn
+
n
χ̂tn+1 =
(12) geometric filters may be better behaved due to the nice
exp[(Ln exp−1 (X̂tn+1 Etn+1 X̂t−1
)10:18 ]X̂tn+1
n
structure of the error system.

A PPENDIX I
S OME FACTS ON MATRIX L IE GROUPS
A matrix Lie group G is a set of square invertible matrices
of size n × n verifying the following properties:
Id ∈ G,

∀g ∈ G, g−1 ∈ G,

∀a, b ∈ G, ab ∈ G

If γ(t) is a process taking values in G and verifying γ(0) =
Id, then its derivative at t = 0 cannot take abitrary values in
Mn (R). It is constrained in a subspace g of Mn (R) called
the “Lie algebra of G”. As it proves useful to identify g to
Rdim g , a linear mapping Lg : Rdim g → g is used in this paper.
The vector space g can be mapped to the matrix Lie group
G through the classical matrix exponential expm . As well,
Rdim g can be mapped to G through a function exp defined
by exp(ξ ) = expm (Lg (ξ )).
A. Group of direct spatial isometries SE(3)


R x
We have here G = SE(3) = {
, R ∈ SO(3), x ∈
01,3 1

(ξ )× x
3
R }. The Lie algebra is se(3) = {
,ξ,x ∈
01,3 1
R3 }. An
between
R6 and se(3) is given by
 isomorphism



ξ
(ξ )× x
=
. The exponential mapping is
Lse(3)
x
01,3 0
given by the closed formula:
 
1 − cos(||ξ ||) 2 ||ξ || − sin(||ξ ||) 3
ξ
)S +
S
exp
= I4 + S +
x
||ξ ||2
||ξ ||3
 
ξ
where S = Lse(3)
.
x
B. Group of double direct spatial isometries SE2 (3)


R v x
We have here G = SE2 (3) = {01,3 1 0 , R ∈
01,3 0 1
3 }.
SO(3),
x
∈
R
The
Lie
algebra
is se2 (3) =


(ξ )× u y
{ 01,3 0 0 , ξ , u, y ∈ R3 }. An isomorphism between
01,3 0 0
  

ξ
(ξ )× u y
R9 and se2 (3) is given by Lse2 (3)  u  =  01,3 0 0.
01,3 0 0
y
The exponential mapping is given by the formula:
 
ξ
1 − cos(||ξ ||) 2 ||ξ || − sin(||ξ ||) 3
exp  u  = I5 + S +
)S +
S
||ξ ||2
||ξ ||3
y
where S = Lse2 (3) (ξ , u, y).
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