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Abstract

A symmetry-preserving observer-based parameter ideattoa algorithm for quantum systems is proposed. Startiitly avQubit (2-level

qguantum system) and where the unknown parameters consigt détuning and the atom-laser coupling constants, wee@aowexponential
convergence result. The analysis is mainly based on thexgiver techniques and some relevant transformations. Theradr is then
extended to the multi-level case where eventually all tleenalaser coupling constants are unknown. The extensiohetobnvergence
analysis is discussed through some heuristic argumentsrélévance and the robustness with respect to varioussnaiseiested through
numerical simulations.

Key words: Quantum systems, Nonlinear systems, Asymptotic obser@srametries, Averaging.

1 Introduction this area[23, 29, 15, 16, 17]. The optimal identi cationtiec
nigues via least-square criteria's [9, 8, 20] and the magrinv

The ability of coherent light to manipulate molecular sys- Sion techniques [34] are some other techniques explored in

tems at the quantum scale has been demonstrated both thehis area. Finally Kalman lItering techniques [10, 35] have

oretically and experimentally [2, 21, 37, 3, 4, 31, 33, 21, 6, been applied to some atomic magnetometery problems.

38, 24, 22, 19, 30, 27, 26]. Many of the procedures, con-

sidered in this aim, are based on the possibility to perform However, in general, developing effective identi catioh a

a large number of experiments in a very small time frame. gorithms is of a great interest in this domain. The main con-

Thus, the output provided by these experiments can be used€rns in quantum parameter estimation theory are the pres-

to correct the process and to identify more satisfactory con ence of local minima's for the optimization problems, sen-

trol elds [13, 30, 22]. sitivity with respect to the experimental uncertaintiesl an
noises and nally the heavy cost of computations in formerly

The ability to rapidly generate a large amount of quantum developed algorithms.

dynamics data may also be used to extract more informa-

tion about the possibly unknown parameters of the quantumBefore going through the identi cation and the experiment

system itself. For each test eld (i.e., control), thereligt  design problems, we need to ensure the identi ability of the

possibility of performing many observations for deducing system. This issue has been addressed in a recent work [20]

information about the system, and this process can often bewhere suf cient assumptions applying the uniqueness of the

carried out at a much faster rate than the associated numerinversion result are provided in two relevant settings. ifor

ical simulations of the dynamics. Moreover, the recent ad- review of an identi ability result needed for the purpose of

vances in laser technology provide the means for generatingthis paper is given in the Appendix B. The semi-constructive

a very large class of test elds for such experiments. proof in [20] suggests that a well-chosen control laser,eld
coupling all the eigenstates of the free Hamiltonian, would

The rapidly developing theory of quantum parameter esti- be suf cient to identify the unknown parameters.

mation has been investigated through different approaches

The maximum-likelihood methods and the subsequent ex-In [14], a state observer for a known quantum system is pro-

periment design techniques provide a rst class of results i posed. This observer is then used as a basis for the quantum
parameter estimation applying an iterative search algorit

? This work was supported in part by the "Agence Nationale de The provided optimization algorithms typically converge t

la Recherche” (ANR), Projet Blanc CQUID number 06-3-13957. ward local minima's.
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Here, in the same direction, we provide an observer-baseddensity matrix dynamics (see, e.g., [12]) is analyzed if},[25
parameter estimation algorithm based on techniques derive where singular perturbation techniques are applied tafyust
from adaptive control theory. In this aim, we will integrate the adiabatic (quasi-static) approximations usually made
online a generalized observer including the estimators for physicists and leading to a dynamical model described (up
both the unknown state and the unknown parameters of theto higher order terms) by a Schrodinger equation despite a
system. continuous population measurement.

First, we consider as a simple quantum system, a two levelln Section 2, we provide an observer which estimates the
system described by a Schrddinger dynamics and a time-Qubit wave function (in fact we rather use the density matrix
continuous population measurement. We propose an algo-language) and the two parametBrand mat the same time.
rithm based on nonlinear asymptotic observer techniquesThe ef ciency and the robustness of the estimator are tested
preserving the symmetries ([5]) to estimate the system pa-through some simulations in the same section. In Section 3,
rameters. As far as we know, such recent techniques havethe structure and the design technique of the proposed ob-
not been applied to tackle this problem and this paper il- server are analyzed. The Section 4 is dedicated to the proof
lustrates their potential interest. Since the observeigdes of a convergence result for the estimation algorithm. In-Sec
exploits the physical symmetries (invariance with respect  tion 5, we propose an extension of the observer to the multi-
the frame-change), the lter equation admits a natural phys level systems where an exact knowledge of the frequencies
ical and geometrical interpretation that can be extended to(no de-tuning) and the only parameters to identify are the
higher dimensions. This extension will be addressed in Sec-atom-laser coupling constants. After testing the releganc
tion 5. and the robustness of the observer on a 3-level system, we
discuss a heuristic extension of the convergence prootto th
Here, let us give an idea of the physical setup, at least tor th multi-level case.
case of a 2-level system. Note that a similar multi-leveleou
terpart can be considered, as well. The physical setup con-We use the standard notations in quantum physics literature
sists of an ensemble of identically prepared systems under-(see e.g. [7], and [12] for a more advanced lesson).
going the same dynamics: for instance, dilute mono-atomic
gases. They are very simple systems, in the sense their CON»  Spserver-
stituents (atoms), are perfectly identical and interact/ ve
weakly with each other. Atoms in such gases can be con-
sidered as perfect quantum systems, with a sequence of dis
crete energy states labelgd fori 2 N, with increasing en- ) ) _
ergiesE; = hwa; depending only on the atomic species con- The Schrodinger equation for the system writes:
sidered. In order to measure the population of the ground I

based Qubit Hamiltonian identi cation

2.1 Dynamics

state (i.e, the state of the lower energy), the system is illu d D um Y1- )
minated with coherent light (a rst laser) whose frequency ﬁY = Szt 5 Sx Y, Y = 2C° (1)
is close to the transition frequency corresponding to the en 2

ergy gapE; Ep= h(wy; wao) of a very unstable excited

state (i.e, having a very short lifetime) to the ground state Where we let

transition. It generates a transitigdi ! j ji for a part of ! I I

the population illuminated from the ground state to the ex- 01 0 i 10

cited state, which spontaneously decays to the ground state Sx = 10 Sy = io Sz= 0o 1

emitting a photon. The measurement of the number of pho-
tons emitted is then directly proportional to the populatio
of the ground statgli. Suppose there is also another laser
whose frequency is close to the transition frequency of an- :
other excited statj@ to the ground statii . The lifetime of Weo = Wae Wao) and the laser frequenay, mis the atom-

the transition between the two latter states is supposed to b 12S€r coupling constant andt) 2 R is the slowly varying
much longer than the previous one. To a rst approximation amplitude of the laser. We hawg = 1; SxSy= sz (which
the dynamics of the two-state system (ground s@itend can be completed using circular permutation), the output is
excited stat¢ei having the longest lifetime) is described by . o

a Schrodinger equation. We assume that some parameters Y=< S2Y;Y >=jYqj% | YoP= 247 1

are not well knownD which is the difference between the

second laser frequency and the atomic transition frequencyas the measurement is the ground state popula¥aj?
mwhich is the atom-laser coupling strength and character- and the conservation of probability implipg1j2+ jY 22 =

izes the Rabi frequency. The goal is to identify in real time 1. For a justi cation (in the frame of singular perturbation
and m measuring the ground state population thanks to the theory) of this model (applying weak measurement) see [25].
rst laser (which generates a transition only for groundesta

population) and the photo-detector. The usual modeling of It is convenient to write the dynamics with the density ma-
these open-quantum systems via Lindbald type terms in thetrix: let r = YY T denote the complex matrix associated

denote the Pauli matriceB, is the difference between the
atomic transition frequency (of ground state to excitetesta



to the projector on the stat¥. Supposing that the sys-

tem is pure (meaning it is not entangled to its environment)

implies both propertieSr(r) = YIY1+ YZYz =1 and
r2=YY 1YY "= r. Thus rewriting (1) the system becomes

d D um

ar = EsZ+ 7sx;r (2)

d

am— 0 3)

d

ED_ 0 (4)
y=Tr(szr) (5)

where [,] is the commutator. We assume the laser amplitude

to be slowly varying compared to the Rabi frequeiaeyj
: juj << jumjuj (the Rabi frequency is a characteristic of
the absorption-emission cycle of photons for an illumidate

atom). We assume, moreover, that the frequencies of the
laser and the frequencies of the atomic transition are close

jDj << juim
2.2 The observer

Consider the observer

%f = gsz+ %ﬂ'sx;f (6)

Kr (Tr[sof] ) (Sof + s, 2Tr[s,f1F) (7)
%fnz uKmTr[syF] (Tr[szF] y) (8)
%@: UKo Tr[sx7] (TrlszF]  y) ©)

whereK, , KnandKp are positive scalars. As we did for the
true system, let us suppose thas constant, anfDj  egjunj.

Fig. 1. Measured output, output error, estimations of tharpaters
mand D without noise.

To be able to apply the standard perturbation techniques forrig. 2. Measured output, output error, estimations of thampaters

this type of physical system we choose the gains

K, = 4k guim Km= 2kne?nf; Kp= 2kpe?jujnt
with e> 0small @ 1), andk;;kikp 1.
2.3 Simulations

We take for the initial conditions:

_ 1+ cos B sy+sin B cos £; sy+sin Sz

2

; Fo= SxIoSx

b o
5 SIN 17

ro

D=

gl =

m=1;

We choose for the contral and the gainsu= 1, K; =
2ejujm Km= 2€?n? etKp = 2€?jujn? with e= L. The re-
sults are given by g 1. In g 2, the measured signgland
laser amplitudeu were added white gaussian independent
noises of amplitude 20% (outpwy} and 10% (control).

mand D with noisy measurement and control.

3 Structure of the observer
3.1 Symmetries

The system is invariant under a change of basis for the
wave functionY 7! UY whereU is any unit matrix of
the Lie groupSU(2). Indeed consider the transformation
v = UrU', andz= UsUT, z,= Us\UT, z,= UsU™.
With the new variables, the dynamics (2)-(5) writes

d
—V =

um_ »
dt X

o2+
2% 2

y=Tr(zv)

D and mare unchanged by the transformation and we still
haveD= m= 0. z, zy, z, verify the commutation relations

of the Pauli matrices. Thus the system is invariant under the
action of the transformation groupU(2) (see de nition 3



of Appendix A). Scalar invariants:

3.2 Invariants, Invariant output, invariant vector elds A complete set of scalar invariants is a full rank function
(F;Sx;Sy;Sz) TV I(F;Sx; Sy; Sz) 2 R™™ "whichis invariant
. . under the group action (whends the dimension of the state
Here, we explain the structure of the (symmetry—presel)vmg spacem is the dimension on the inputs on whi}ig) g2
observer (6)-(7)-(8)-(9). In this subsection, we consither act, and is the dimension of the group G). Heme= 2; m=
reduced system (2)-(5) 3 andr = 3. Locally there arem+ m r=2+3 3=2
independent scalar invariants (see [28]). Take :

Er = Es + UM
dt 278 27" [(F;Sx;Sy;S2) = (Tr(sxf); Tr(syf);Tr(szf))
y=Tr(szr)

Itis a set of 3 functionally dependent global invariantsein
since the action of the group SU(2) @and mis trivial. Tré(sxf)+ Tré(syf)+ Tr¥(s,f)= 1 (see section 3.3).
To build observers which preserve the symmetries (i.e, are
invariant under the action @U(2)), we follow the method =~ We are going to prove now that the observer (6)-(7) for the
of [5] : nd a) an invariant output error b) an invariant frame  reduced system (2)-(5) corresponds indeed to (A.4) and thus
c) a complete set of scalar invariants d) use eq (A.4) to deriv is @ symmetry-preserving observer.
non-linear observers. Some basic de nitions and results of
this latter paper are recalled in the appendix A. 3.3 Geometrical interpretation with the Bloch sphere

The method does not fully apply to the two-state quantum The Bloch sphere is a geometrical representation of the pure

system under study, since the dimension of the gS(?) state space of a two-level quantum mechanical system. An
is 3 and the group acts non-trivially anwhich is of dimen-  important property is that any density matrixan be written
sion 2, and for any density matrixthe set of allU 2 SU(2)

such thatJrUT = r (isotropy subgroup) is of dimension 1. 0 Xl

It contradicts the full-rank assumptions on the group actio 1+ XSg+ YSy+ Zs,

(free action) of [5]. Nevertheless the method (although lo- r= > Y ; with z = %Y§ 2 S

cal) gives very useful guidelines for the design of (glopall 7

de ned) non-linear observers.

where 1 denotes the identity 2 matrix. We have Tisxr | =
X;Tr[syr]=Y and Tis,r]= Z. Note that, the coordinate
i . i Z in this section is the output The commutation opera-
The outputy = Tr(szr) is a sqalar. It is invariant under  ion [sX;r]Tcorresponds to the wedge prodyt0;0)T
the group action (it has a physical meaning independent of \yith (x:Y:2)T (circular permutations allow to complete the

the basis used to write the Schrodinger equation). 'ndeedcorrespondences). The dynamicszofsee eq (2)) is
for anyU 2 SU(2) if we let v = UrUT andz, = Us,U"

Invariant output error:

we havey = Tr(z,v)= Tr(Us,rU") = Tr(s,r). Thus an d um D¢
output error is (see the de nition 6 of Appendix A) : ai " ( -0 5) Nz (10)
E(f;sx;Sy;SszY) =Y y=Tr(sAf r)) The symmetries of section 3.1 associated to the invariance

under a change of basis correspond in the Bloch sphere
representation to the invariance with respect to the choice
Invariant vector elds: of any orthonormal frame (invariance under the action of
SO(3)). Physically, designing a symmetry-preserving ob-
The system (2) is invariant thus the second member of (2) is S€ver amounts to compel the estimated system to be pure
made of invariant vector elds (in the sense of the de nition (i.e, z 2 S?).
4 of Appendix A). Inspiring from equation (2) let us take as

invariant vector elds The correction term in (7) writes K, (Z Z)[ XZsy
YZsy+(1 Z?)s;] and corresponds in the Bloch sphere to
(Wa(r);iwa(r);wa(r)=( [sxrl; [sy;r]l; [szr]) K (Z Z2)(Y; X;0T~z wherez=(X;Y;2)T.Itmeans

that (6)-(7) can be written
They are not an invariant frame (see def 5) since they are

functionally dependant. Indeed the tangent space of the 2 ¢ D um .

2 projector matrices with trace 1 at any point is only of af = §5z+ 7Sx;f

dimension 2. But they provide a global parameterization of . . . . .
the tangent bundle. + Ky (TI’[SZF] y) (Tr[syr][sx;r] TI’[SXF][Sy;r])



and thus the observer (6)-(7) for the reduced system (2)-(5) We have thus

is of the form(A.4).

Heuristic of the invariant correction terms

This paragraph explains the geometrical motivations fer th

gains we chose. More rigorous proofs are given in the next

section. Lete, = (0;0;1)T. We proved that (6)-(7) writes in
the Bloch sphere :

Thus the correction term (7) is "mirrored” in the Bloch

d ums; umsx untsx
= —: + 2 — 2
x=[ ——ixlre 2 (gr)e

dt

as well as a similar relation foéiti. Throughout the section,
we are going to use the two following useful features: for
any scalaa we have

e?®x = cosa+ sinasy thus e®*sy= se ¢ (12)

and thus for any 2 2 matrixM

Psletsyedme B
i =[sy,€2%Me 2]

e %Sx[sy; Mle
e 3¢[s;M]e

sphere representation by the projection of the gradient of goth preceding formulas can be completed by circular per-

KT’(Z Z)? on the tangent spades?j ;. It is a vector which

is always pointing towards “north” (i.& = 1) if Z< Z and
towards “south” (i.,eZ= 1) if not.

K, is much larger than the gais,; andKp (the ratio is of
ordere). Let us now suppose that z O. Using (10) and
(11), we haved(Z 2) Y(m mY. Thus, if m> m the
differenceZ Ztendstoincrease if > 0. This explains the
choice of (8) which writes in the Bloch sphere representatio
4= uKmY(Z Z).The design of (9) which write& D=
UKpX(Z Z) can be explained the same way assuming
moreover thath m 0 and noticing thené’t—zz(ﬁ Z)

YmD D)X.
4 Convergence analysis

Theorem 1 Consider the two-level system describeddy
-(3)-(4)-(5) where the amplitude of the laser u is constant.
Assume (0) 6 % Then the non-linear observés)-(7)-
(8)-(9) is locally convergent for any positive gaing KK,

Kp. Moreover for any t we have Tr(t)] = Tr F(t)? = 1.

mutations orsy; Sy; Sz. Thus

ge“msxsz; X (14)

which shows the interest of the interaction frame. Simjlarl
still using (12)-(13), the observer in the interaction feam
reads:

d - D u(im -
—X= _eumsxsz+ MSX;X
dt h 2 i
K, Tr emSxs,(x  x)
IR h A

eUMsxg x + xe'Msxs, 2Tr e'MSxg,x x
g h i o
afrl: UK Tr eUMSxsy x  Tr e'™Sxs,(x  X)
1. h i h o
aD: UKpTr syx Tr eU™Sxs,(x  x) :

(15)

First-order secular approximation

The integration of terms of the form efikunt); k2 N

It means that the observer provides a real-time estimationover the time yields terms of small amplitude rotating with

7, m D of (resp) the density matrix and the parameters of
the hamiltonianm D. Moreover it preserves the geometric
properties of the system, i.e,is a density matrix of a pure
system.

The proof of the theorem is the object of this section and

high frequency and zero mean. The secular approximation
consists in neglecting the terms rotating with high frequen
ciesumand 2im by averaging their in uence on the evo-
lution of r (see, e.g., [12] for a physicist point of view on
the standard rotating wave approximation or [1] for a more
formal exposure).The true dynamics consists of (fast) kmal

relies on a standard averaging method called rotating waveoScillations around the (slowly-varying) solution of the a

approximation. To apply it one writes the system in the (stan

eraged system. In order to compute the averaged system we

dard) interaction frame, i.e, one makes the time dependantuSe (12) to prove for any scalar

change of variables:

untsyx ~

—e 2

untsx untsx

2 xe 2 ; r

untsy

r=-=e xe 2

e?xs, = coga)s, + sin(a)sy
e%xsy = coga)sy sin(a)sz

(16)
(17)



and thus (for instance)
h . [ .
Tr eUMSxg,(x  x) eU™Sxs,x
h i
= co(um)Tr sx(x Xx) Szx
h i

+ iU Tr sy(X  X) SyX

+sin(unt)%os{um) i h i
Tr sz(>2 X) sy>?+ Tr sy(;( X) sz;( :

Computing all the other terms of (15) the same way, and

taking the time average over a perjpd(um (assuming that

X, X, D, nare constant over a period), we get the following
autonomous system for the averaged system/observer:

d d d

—x=0: O —D=0

a "o at

d-~_ uim m

at™ " —g X _ _
K, h i . h i
7Tr Sy(x Xx) Syx+ xsy 2Tr syx X
K, h [ R h i,
7Tr sz(x X) sz>r+ XSz 2Tr Szx X

d = UKm[Trhs )A<I Trhs ()A< x)I

— = T y ,

dt 2 h i h i

Tr szx Tr sy(x x) ]

d -

—D=0:

dt

Lemma 2 SuPpose<(0) 6 % Then for all K ;Kyn> 0,

the averageck x andm mboth converge locally expo-
nentially toO.

PROOF. We consider the Lyapunov function
1 2 -~ 1 2 -~ 1 A 2
V= ZTro(sy(x  x))+ zTro(szAx x)+ —(m m
2 2 Km

Let dmapd;dx respectively denotén mandx  x. Ap-
plying Tr x = 1 we have,

d
—Tr sydx = ml'r Zszx
dt h i h i
KrTr sydx (1 Trz(syx))+ Kr Tr[szdXx]Tr syx Tr szx
mI'r Zsyx . .
h h i

KrTr[dex](l Trz(szx))+ KrTr sydx Tr syx Tr szx :

Tr [szdXx] =

When developinﬁv the terms havingl as a factor com-
pensate each other and there only remain the termskyith

as a factor:

‘3—\:: K, Tré(sydx)(1  Tr(syx))
K, Tré(s,dx)(1 Trz(sz)ﬂ) N

+ 2K, Tr[sydx] Tr[sdx] Tr syf( Tr sz;(

R a2
Kr Tr(sydx)Tr(szx) Tr(sdx)Tr(syx)

Ky Tr2(sxx) Tré(sydx)+ Tr3(s,dx)
0:

where we used the fact that 2[s,x) + Tr¥(syx) +

Tr2(sZ)A<) = 1. Sincez andz evolve on a compact manifold
andV is in nite when eithermor mtend to in nity, one
can apply the LaSalle invariance principle. Two situations

are possibledV = 0 implies

Either ; TP(sydx) + Tr’(s,dx) = 0, meaning that

Tr sX)A< = Tr[sxx] (corresponding to two equilibria

that we shall denote by, andx ). Since &x = 0, x

is constant and thuf(m n)sx;)z] = 0, implying that
M= msince we assumeg(0) 6 1 ZSX. One can easily
prove that(x ;m) is an unstable equilibrium whereas
(x+;m = (x;m is an exponentially stable equilibrium
for ()2; M. Indeed, one may just consider the same Lya-

punov function for the linearized system around the
equilibrium (x ;m) and appfy the invariance principle.

Or é’tv =0 |mpI|es both Trsyx = 0 and there exrsts

a 2 R such that Trsyx = aTr[syx] and Tr szx =
aTr[szx]. Thus

Trlsyx]sy+ Tr[s:x]s;
g

1 )

x=x ==
-t T2

Tr [syx]2 + Tr [syx]2

Moreover using Lasalle invariance principle and devel-
oprng dtx = 0 we getin= m It is easy to check that
(x = Xx ;m= n) are equmbrlhrm points of the system
But 0< V(x ;m = 1+ Tr[syx] +Tr[syx]

Since we are looking for a local result, we can choose
the initial sate(xo; Aip) such thatV(xo; i) < V(x :m.
Since V decreases along the trajector(e}sﬁv) will never
reach the equilibrium(x ;m. Moreover we supposed
that Tr sX>A< = 0, and since the initial condition can be

chosen so tha¥ is arbitrarily small, the only reachable
value (in any case) for the equilibrium poirt is such
that Tr[sxx] = 0 implying x; = x.

We have proved that the steady-st(arteﬁ”) =( x;m of the
averaged system is exponentially stable.



Second-order secular approximation

Since the rst-order secular (non-oscillating) terms van-
ish when computingdx and 4D, we have to consider
the second-order secular approximation for proving conver

gence. We apply the Kapitsa shortcut method described in

e.g, [18]. Letum= n. x obeys a differential equation with a
high frequency source tenﬁx = f(x;nt). We proved that
the mean ofx over a period is constant. Integrating high

frequency terms yields high frequency terms with same fre-
guency and smaller amplitude: we seek a solution of the type

N 1C41 B+ - CS1 VN

X
n n2

wherez is the mean of over a period (recal%z =0+
O(1=n)). Let us compute the second-order temn(z;t),
and neglect the third-order terms. On one hand, we have:

0f -
d. g, B2
dt n

wheregj = 10 is the partial derivative of); with respect
to its second variable. But using (14) and neglecting third
order terms:

d
dt

g1(z;1)
n

X =

gei”tSst; z+ (18)

Gathering the two latter equations
Of 5.ty — D intsy o . .
qi(z;t)= n [Ee' XSz z]+ O(1):
Integrating with respect to timeethe last equation yields:
ou(zi)= [5e"rsyix]+ O():

Thus (18) can be re-written as

d D 1
il [Ee’”sxsz;z+ 91(z;)=n]+ O(—)

D D’ i 1
= [5e"saz]+ oole s le ™ sz + O( )

Now let us compute the temporal mean (over a period) and

only keep the secular terms. We apply (16) and (17). Ap-
plying the Jacobi identity

d

.
dt m[SX*X] *

where we have not written the oscillating terms of 0 mean
nor the terms of orde@(n—lz). Note that, here, we nd the

sec:ond—orderterr%1 corresponding to the standard Bloch-
Siegert shift.

We also need to writ® up to second order terms (coef -
cients of%) since it has constant mean. We go back now to
the exact equations (15). We have

d . h i h . [
aD: UKpTr syx  Tr e'™Sxs,(x  x) (19)
Up to the second order, the secular terms of (19) can
be calculated as the sum of two parts: 1. replace x
by its n-frequgncy part in orgder to compute the secu-

lar termﬁ of _Tre“’"SXsZ()} X) h then multiply them by
R R N
UKpTr syx ; 2. replacex in Tr syx by its n-frequency

terms, Ieay.jng% Xpuntouched and calculate the secular
terms of Tr syx Tr e'"Sxs,(x x) . Note that, accord-

ing to (15),x andx up to second order have an oscillating
part of frequency? and another one of frequencyr2But
only the terms of frequenay in x andx can have a secular
effect when following the two steps 1. and 2.

The, n-frequency part ofx is due to the integration of
Deumsxs,; x and so is fox. Thus

R ph R
X=2z+ oo eUMoxsy x +

um (20)
X=Z+ —

ums .
gumsxg -x +
2um y

wherez (respz) is a solution of the averaged equation for
(respx) and the non-written terms are eithen-Bequency

terms or are of orde@(n—lz). So 1. on one hand, we have

h o
Tr eMSxs,(x  x) =

h i
Tr SyX

DTr[sxx] +

S|k

where we have not written the oscillating terms of 0 mean.
Here, we have applied (20) and the following relation which
can be proven using (12) and (13):

D ~ D ~ ~
——eMSxg, [eMxs : x] = >n sdsyix]  syIsy;x] +

h i
2. on the other hand, for the-frequency part of Trsyx ,

using (20), we have:
h i h i i
Tr sy[e™*sy;x] = Tr cosnt sk[sy;x]  sinnt sy[Sz; x]
h R R
2Tr cosnt spx+ sinnt syx :

We can then write the sine and cosine as sums of exponen-
tials and the secular terms give the last term our nal inter-



mediary result which is that, up to the second order

R h i h i
%D: @ Tr syx D Tr syx Tr[sxx]D
A~ h i h i
+ @[Tr SyX Tr sy(x Xx)
2m . .
h i h i

Tr szf( Tr sz(f( x) 1

We have obtained the following, locally convergent, trian-
gular system:

d order 2 Dz
- = _ : 21
at* Zum %) 1)
doogers UM M _ -
ax = — Sx; X . .
K, h . i o h i
?rTr Sy(x Xx) Syx+ xsy 2Tr syx X
h i h i
K - ~ A A
?rTr SzAX X)) Sxx+ xs; 2Tr szx X
d ot uKm[Trhs Qi Trhs (x x)i
= fnoree —m y ,
dt 2 h™ i h i
Tr szx Tr sy(x x) ]
R h i, h i
% oger 2 Ko Tr syx D Tr syx Tr[sxx]D
5 h i h i
+ %D[Tr Ssyx Tr sy(x Xx)

h i h i
Tr sx Tr sxx  x) [

The lemma 2 proves (after using averaging arguments) that

m mandx xg converge (locally) to O for ani{, ;K> 0

independently fronD. The last equation of (21) shows that

oncex x is close to 0, since we supﬁosgid)) 61 ZSX,

the dominant term multiplyin@ is Tr syx , andD

D converges to 0 foKp > 0. This implies that the point
(X0; mD) is a hyperbolic, asymptotically stable, xed point
of the averaged dynamics (21).

We can, now, apply the classical averaging theorem (see e.g.
Theorem 4.1.1, page 168 of [11]). Note that, even though the

a(t) = ( xo; mD)+ O(e) which is also asymptotically sta-
ble. We conclude noting thatx; mD) actually provides
such a periodic solution and therefore it is this asymptoti-
cally stable periodic orbit.

Tuning the gains for the linearized system

In order to get a robust observer the tuning of the gains must
respect the time scales. To choose appropriate gains, we con
sider the rst order approximation of (21) around partiqula
equilibrium points which are such that the linearized syste
writes simply around these points.

Consider the linearized error variables

_ 1+ Xsx+ VYsy+Zs; . . N

X X 5 - m=m m D=D D

h i
where we hav&X = Tr[sxx], X=Tr syx ,X=X Xand
the analogous formulas fof, Z;Y; Z;Y; Z. Consider the lin-
earized system around= L 252 (i.,e,Z= 1).Upto second
order terms, we have

d, - - ~
a(x x)=( um K;Y)sy:

This can be written as

d do_ . o ds

&Xz 0 V= um KV 2Z=0 (22)
We also have
d. ~ ~
GiM= UKe(0 ¥)=2= uKp¥=2 (23)
and 4o Koes
> 2m”

Let us now write the linearized system around the other
equilibrium pointr = 1% (i.e,X= 1)

doo o Keooosoy do_
a(x X)= 7(Ysy+ZsZ), am—O

cited theorem deals with the rst order approximations, the
whole analysis permitting to pass from the secular approxi- and
mation in bounded time horizon to an asymptotic result can
be adapted to the situations of higher orders. Indeed, this
analysis is only based on the application of the Poincagg ma
and the fact that in a bounded time horizon (of ordeg)l

the averaged dynamics provide @fe)-estimate of the real
dynamics.

(24)

The interesting equations for the tuning are (22), (23) and
(24). To respect the time scales, set @ 1 and choose
the gainK;  gjunj. In this case the observer lters the high

Therefore, there exists a unique hyperbolic periodic frequencies and the averagelof xk tends to decrease.
orbit of the real system (6)-(7)-(8)-(9) of the form Choose a slower characteristic time of convergence for the



parametersn andI:DWith respect to the characteristic time We setu(t) = 41 <k nAkcoWit) wherewjyy = W vk
of convergence ok andAy is a constant amplitude.

K = S e K. = 282n?  Ko= ka2ilim? Consider the "Pauli matrices” associated to the transition
r reum  Km . Ko= ko€jy between andk:

wherek; ;kp > 0 are any scalar of order 1. The tuning of the K o o e
gains is only made for the linearized system around particu- Sx = jlihkj+ jkihlj

lar equilibrium points. Nevertheless we think the nonlinea s)',k = ijlihkj+ ijkihlj
structure of the observer, based on the symmetries (and thus s=p Pz jlihlj | kihki
very close to the structure of the system), allows a good z I J
global behavior, as the simulations show. I'= B+ A= jlihlj+ jkihkj:

. . For each 6 k, we have the usual relations:
5 Extension: multilevel case

lyz =k glkglk = jgk:

S
In this section, we extend the above identi cation algarith (
to the general case of a multi-level system. We will assume
that we exactly know the system's energy levels and there- For eachj andk 6 j, P; = . In the sequel, we use
fore that the system in the free Hamiltonian's rotating feam the shortcut notatiod  that stands fod ; |<x n. Thus we
admits a zero detuning. The goal is therefore to identify the have o o
atom-laser coupling parameters. In the simulations, wk wil u= a Akcogwikt); m=ga rmsy‘:
however, see that the provided algorithm is in fact robust Ik Ik
with respect to small uncertainties in the system's spectru  Thus (25) reads:
and that a small detuning will not affect the convergence of

the algorithm.

1k g K

qf = 1Hirl 188 Agemccogwd)[syir]
Ik 190

Before going through this extension, we need to address the

non-trivial identi ability problem for the multi-level cse. In the interaction framex = é"tre Ht we have
The Appendix B (based on the result of [20]) provides suf- ’ _
cient assumptions ensuring the identi ability. d o o h _ i
giX= 1@ a Avemkcogwigd) ghtslke M x
5.1 Observer design lk 19

] . ] the measurement outputs being giverypy Tr[P;x] since
Consider thé\-levels systen(j ji )E\‘z 1, described by the den- [P;;H] = 0.
sity matrix r obeying the following dynamics (we assume
here the assumptio’sl,A2 and A3 of the Appendix B to Simple computations show

be satis ed):
d dMisle M= gMiss = cogmt)s)  sin(wict)s)f
—r = i[H+ut)mr (25)
at [ (tymr] and

where s ke Mt = ei""“sz(s)',k = sin(wict) sy + cogWikt) Sy*

— o N T P . . . .
H = &j=, wjijihjj is the free Hamiltonian wittw; real o1y 6 (1919, jwyj & jwaq. Thus resonant terms come
and satisfyingwi | & jwjo wid for any distinct cou- iy from (1;k) = (12k9). Under the "rotating wave approx-

ples(ol;k) and(lo,k(.);. T imation”, the above equation reads:
m= &1 1<k Nk (kihlj+ jlihkj) where my are the pa-
rameters to identify; d o Akmc M
the electromagnetic eld is represented by the scalar input —X= la Sy X - (26)
dt 2
u(t) 2 R. Ik
We assume that Note that when our knowledge of the energy Iev(ahsq,)ﬂ-\': e
is uncertain, a detuning term has to be added to the dynamics:
yit)= Tr[Rir ()]; Py =jjihjj; j=L2u5N i
i J J d -oAlkmkhu(_l_ o N
) ) —x= 1idH iq Sy;X ;  dH = diagdw;):
are the measured outputs. The goal is to estimate the coef- dt M

cient my, the w;'s being known. (27)



Similarly to the 2-level case, we propose the following
observer-based estimator: U i

8 h i 13 05 i
Ex: A'kmk sk % o s g
d 2 . h . 11 Me= - 25
+ Ga Tr PJ ( X X) Pj)?"' )}Pj 2Tr Pj)? )2 (28) I EEE R "w omomom o oW o® @
A B e —
g d :
gk?kTr six Tr skix %) ;
noting that e Y] L
h . hoi h . T0ow om o m m A B A Cos oW B om oW W WM
i i i
Trsf(x x) =(n TrAx) (i Tr P ): T
S‘m-w M= 15
Here, similarly to the 2-level case and in order to respect =« =T
the time scales we choose the gains: ”

L . I
0 U L N A 0 50 100 150 ZUU 250 N B0 40
Time Time

G= 2eBmaxiAjmjj ; gk= 2€°gemaxnf;  (29)
| ;]

. Fig. 3. Estimations ofi, and measurement output errors.
wheree> Oissmall ¢ 1), and& g, 1.

control amplitude are admitted. The simulations of Figure 3
5.2 Numerical simulations then, correspond to the design parameters

In this subsection, we check out the performance of the G=1 =01 16Kk

generalized estimator on a 3-level test case. The atom-lase
coupling parameters, to be identi ed, are glven as follows: associated te= 1=10in (29).

0
0 13

m=(m)= L3 0 dH = diag0;:01;:015);

1 15 0 an additive gaussian noise of 10% to the measurement out-
puts and a gaussian noise of 5% to the control amplitude.

1 In a second simulation (Figure 4), we consider a detuning
of the form
1 5§

noting that by assumptioA3 of Appendix B, the diagonal

part of mmust vanish. We consider the initial state 5.3 Convergence analysis: formal discussion
o= Yo¥o  Yo= pl (1:2:5T: Consider the following function
L 3_0 1 bl L
1y _h 2
and the control amplitudes, V= 2 a Tr Pa(x X) ‘4 a % (30)
Ak = :1; 1 6 k .
One can easily see that
Furthermore, we initialize the estimator as follows: ; -
dv o Ak h K h o
8 0 1 —=a Tr s, (x x) Trs(x X)
0 1 6 dt K 2 . . .
§ h i h i h s
=()=%1 0 18 2G4 & Tr Rx Tr Ax Tr sX(x x) : (31)
6 1.8 0 I kel
_g by = bobo' P, = pl_(l' 2:3)T: While the second term in (31) is obviously negative, the rst

term has no reason to be negative. However, we will show

by a formal argument that (considering some appropriate
Ina rstsimulation, we consider an exact situation where no assumption concerning the Rabi frequencies) this term can
detuning, no noise in the measurement and no noise in thebe averaged to zero and thus can be neglected.

10



this unitary transformation:

i i
1 Tr s¥(x x) Tr sf(x x) =

S i N
i me= 13 Tr U'ESXETU(z 2) Tr UTEsf'ETU(z 2) =
10 ;0 160 1‘50 260 2;0 360 3;0 40 .10 .‘;‘0 160 1‘50 260 ZgD 360 3;:0 400 | é equ (\/VI' \/Vs)t)( El’| ES| Erk Esk)( ZSl’ Esr) +
u ! ! ! ! ! ! ! ! ! ! ! ! ! ! rés
! o Y2 o ~

™ 09 02 a (Eﬁ Eﬁ()(er er)

E 08 1 0 r '
0 M3~ 7] o . :
Yw m om m m m @ o o8 omomom m m ® W a eXF(I(V\" \NS)t)(Erl Esk ErkES|)(ZSF ZSF)

rés
14 T T T T T T T 1 T T T T T T T
= v b Developing and removing the highly oscillating terms of
& frequencieDw, we nd
v ma= 15 _
18
0 ;0 160 1;0 zéu Z;{] 360 3;(] 400 -10 5;) l(‘X) 11‘.0 Z(‘X) 2;30 3&0 3&‘30 00
Time Time o . Z 2
a (EnEsi ExEsW(EwEsi EnEsWjzsr  Zsij“ =
rés
Fig. 4. Estimations ofi, and measurement output errors. % é ((EqEsl EnEs)(EnEsk EwEs)izrs 2r51'2+

r6s

In this aim, consider the real effective Hamitonian: . Ao,
(EnEsi EwxEsW(EsiErk  EskEn)iZsr Zsr)zl =0

o AMk |k

Hett= a Sy where we have broken the sum into two parts by symmetriz-
K 2 ing with respect to the indicasands.
and diagonalize it as follows: Even though this argument does not prove the convergence
of the estimator for the multi-level system, it gives a styon
Heff = ETWE; W= diag(Wi;::;WA); Ex2 R8Ik reason for it to be ef cient.

Wherer\/jg'j\‘:1 are Rabi frequencies of the system. From g Conclusion

now on, we will assume that these Rabi frequencies are non-

degeneratéfiin & W for mé n) and moreover tha® D In this paper, we propose an observer-based method for

andgx  Dw, whereDy= maxngnjWm  Whj. the Hamiltonian identi cation of a quantum system. A
symmetry-preserving observer (6)-(7)-(8)-(9) has been de

Now, in analogy with the 2-level case, consider the unitary veloped to give an estimate of the unknown parameters of

transformation the 2-level system. Applying the averaging arguments, a
. . complete but local analysis of the convergence for the esti-
z=U'ExE'U; z=U'ExE'U; mation algorithm has been given. Since the observer design
is based on the physical symmetries of the system, a multi-
whereU(t) = exp( itW). Under such a transformatian level extension of the estimator is straightforward. The

is trivially constantz = ExoE'. Furthermore, this trans- ~ convergence of this extension has been formally discussed.

formation also removes the highly oscillating part f Various simulations in two or three dimensions illustrate

(P Md MmandG  Agm for all I:k;m;n): the rele_vance and the robustness_of the_techn_lque. Similar
B simulations can be performed for higher dimension systems.

EZA = id A M) hU TEs'kETU;EI Here let us nish the paper with some concluding remarks.
dt Ik 2 X Note that the non-degeneracy assumption for the Rabi tran-
N h i sitionsDy in Section 5 may be removed using a slow mod-
+Gq Tr U'TEREU(z 2) ulation of the amplitudeg\x. Furthermore, one does not
=1 h . really need to have access to the continuous measurement

resultsy;(t) (which is lots of information to be asked in the
laboratory settings). In fact, one only needs samples on the
output signal with frequencies much higher than the larger
Now let us develop the terms in the rst part of (31), using Rabi frequency.

~ ~ )\I ~
U'ERE'UZz+ zUTERETU 2Tr UTERE'UZ 2

11



A Symmetry-preserving observers

In this section we recall the basic de nitions and results of
[5]. Consider the smooth system

d
ax— f(x;u)

y= h(x;u)

(A1)
(A.2)
wherex belongs to an open subs¥t R", u to an open

subset) RMandytoanopensubs&t RP,p n. We
assume the signalgt);y(t) known. In section 3.2 we took

X=1Tr; U=(SxSy;Sz); Y= Tr[s.r]

Consider also the local group of transformationson U
de ned by

(X;U) = jg(x);ye(u) ;

wherej g andy g are local diffeomorphisms depending on a
parameteg which is an element of a Lie group such that

(A.3)

je(x)= xforall x2 X
Jog Fg(X) = jgg(x)forallg;;022 Gx2X .

andy 4 veri es similar conditions. The action is said to be
trivial if j 4 is the identity function. In section 3.2 we have
G= SU(2) and for anyJ 2 G

ju=yu: M2cC?27rumu’t

De nition 3 The systen'gitx: f(x;u) is G-invariant
if fjg(X);yg(u) =Djg(X) f(xu) forall g;x;u.

The property also read%X = f(X;U), i.e., the system re-
mains unchanged under the transformation (A.3).

De nition 4 Avector eldwonX is said to be G-invariant
if the systen’g—tx: w(X) is invariant. This means i 4(x)) =
Dj g(x) w(x) for all g, x.

De nition 5 An invariant frame(wy;::;;wn) on X is a
set of n linearly point-wise independent G-invariant vecto
elds, i.e (w1(X);:::;wr(X)) is a basis of the tangent space
toX atx.

Instead of using the usual linear output eryor y we use
an invariant output error:

De nition 6 The smooth magg;u;y) 7! E(X;u;y) 2 RP is
an invariant output erroif

the map y7! E(X;u;y) is invertible for allX;u
E Xu;h(X;u) = Oforall X;u
E Jg(X);yg(u);h( g(x);yg(u)) = E(Xuy)forallxuy
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De nition 7 (pre-observer) The systenﬁﬁz F(Xuy) is
apre-observeof (A.1)-(A.2)ifforall x;u F x;u;h(x;u) =
f(x;u).

The de nition does not deal with convergence; if moreover
X(t)! x(t) ast! +¥ for every (close) initial conditions,
the pre-observer is an (asymptota)server

De nition 8 The pre-observer zX = F(Xuy) is G-
invariantif for all g;X;u;y,

F Jg(R;ye(W;h(j g(x);yg(w) = Djg(X) F(Xuy):

The property also readsiX = F(X;U;h(X;U)), with

X = jg(X), U= yg(u). Assume that the output map is
G-equivariant, which is the case for the quantum mechani-
cal system considered in this paper since the ougasta
scalar invariant. Then a suf cient condition for the system
%f(= F(X;u;y) to be a G-invariant pre-observer for the
G-invariant systemix = f(x;u) is:

Fuy) = fRW+ & L IRUERUY) W) (Ad)
i=1

where E is an invariant output error(X;u) 7! I(X;u) 2
R™M ' is a full-rank invariant function, theL i's are
smooth functions such that for adl L ; 1(X;u);0 = 0, and

guence of the theorem 2 of [3].is called a complete set of
scalar invariants and veri e$(j 4(X);yg(w) = 1(X;u) for
anyg2 G.

Thus, to build a symmetry-preserving observer, one needs a)
an invariant output error b) an invariant frame c) a complete
set of scalar invariants.

B Identi ability

In this appendix, we present the mathematical framework in
which the identi cation problem can be considered. More-
over, we review brie y the former work on the identi ability

of the considered system. A well-posedness result which al-
lows us to consider the identi cation problem in Section 5
will be announced.

The goal is to identifyH = Hp+ V or/andmin system

Y = (Hor Vr udmY; Yico= Yo KYoky = 1
(B.1)
when laboratory measurements on some physical observ-
ables are provided. In [20], two different settings haverbee
considered in order to characterize the identi ability ath

a system:



(S1) The HamiltoniarH is known and the goal is to identify

the two dipole moments are equal within some phase factors

the dipole momenm The so-calledpopulationsalong faigiN:1 R such that:
the eigenstates, i.e. p; = jhfi; Y (1)ij%i= 1;2;::;;N are
measured for all instants 0. This is performed with as 8i;j=1;2:N; (m)ij = dai aj)(nt)ij: (B.5)

many control amplitudes(t) as required.

(S2) Neither the potentia/ nor the dipole momentnare
known and the goal is to identify them. Note that, by
identifying H we mean identifyingv, asHp is readily
known. The eigenvalues of the Hamiltoniah= Hy+ V
are also assumed to be known (this assumption is relevant

Fore more details and remarks concerning the assumptions
and the result of this theorem we refer to [20].

in practice, see Remark 9). Here we measure the popu-References
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