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Abstract

A symmetry-preserving observer-based parameter identi�cation algorithm for quantum systems is proposed. Starting with a Qubit (2-level
quantum system) and where the unknown parameters consist ofthe detuning and the atom-laser coupling constants, we prove an exponential
convergence result. The analysis is mainly based on the averaging techniques and some relevant transformations. The observer is then
extended to the multi-level case where eventually all the atom-laser coupling constants are unknown. The extension of the convergence
analysis is discussed through some heuristic arguments. The relevance and the robustness with respect to various noises are tested through
numerical simulations.
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1 Introduction

The ability of coherent light to manipulate molecular sys-
tems at the quantum scale has been demonstrated both the-
oretically and experimentally [2, 21, 37, 3, 4, 31, 33, 21, 6,
38, 24, 22, 19, 30, 27, 26]. Many of the procedures, con-
sidered in this aim, are based on the possibility to perform
a large number of experiments in a very small time frame.
Thus, the output provided by these experiments can be used
to correct the process and to identify more satisfactory con-
trol �elds [13, 30, 22].

The ability to rapidly generate a large amount of quantum
dynamics data may also be used to extract more informa-
tion about the possibly unknown parameters of the quantum
system itself. For each test �eld (i.e., control), there is the
possibility of performing many observations for deducing
information about the system, and this process can often be
carried out at a much faster rate than the associated numer-
ical simulations of the dynamics. Moreover, the recent ad-
vances in laser technology provide the means for generating
a very large class of test �elds for such experiments.

The rapidly developing theory of quantum parameter esti-
mation has been investigated through different approaches.
The maximum-likelihood methods and the subsequent ex-
periment design techniques provide a �rst class of results in
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this area [23, 29, 15, 16, 17]. The optimal identi�cation tech-
niques via least-square criteria's [9, 8, 20] and the map inver-
sion techniques [34] are some other techniques explored in
this area. Finally Kalman �ltering techniques [10, 35] have
been applied to some atomic magnetometery problems.

However, in general, developing effective identi�cation al-
gorithms is of a great interest in this domain. The main con-
cerns in quantum parameter estimation theory are the pres-
ence of local minima's for the optimization problems, sen-
sitivity with respect to the experimental uncertainties and
noises and �nally the heavy cost of computations in formerly
developed algorithms.

Before going through the identi�cation and the experiment
design problems, we need to ensure the identi�ability of the
system. This issue has been addressed in a recent work [20]
where suf�cient assumptions applying the uniqueness of the
inversion result are provided in two relevant settings. A brief
review of an identi�ability result needed for the purpose of
this paper is given in the Appendix B. The semi-constructive
proof in [20] suggests that a well-chosen control laser �eld,
coupling all the eigenstates of the free Hamiltonian, would
be suf�cient to identify the unknown parameters.

In [14], a state observer for a known quantum system is pro-
posed. This observer is then used as a basis for the quantum
parameter estimation applying an iterative search algorithm.
The provided optimization algorithms typically converge to-
ward local minima's.
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Here, in the same direction, we provide an observer-based
parameter estimation algorithm based on techniques derived
from adaptive control theory. In this aim, we will integrate
online a generalized observer including the estimators for
both the unknown state and the unknown parameters of the
system.

First, we consider as a simple quantum system, a two level
system described by a Schrödinger dynamics and a time-
continuous population measurement. We propose an algo-
rithm based on nonlinear asymptotic observer techniques
preserving the symmetries ([5]) to estimate the system pa-
rameters. As far as we know, such recent techniques have
not been applied to tackle this problem and this paper il-
lustrates their potential interest. Since the observer design
exploits the physical symmetries (invariance with respectto
the frame-change), the �lter equation admits a natural phys-
ical and geometrical interpretation that can be extended to
higher dimensions. This extension will be addressed in Sec-
tion 5.

Here, let us give an idea of the physical setup, at least for the
case of a 2-level system. Note that a similar multi-level coun-
terpart can be considered, as well. The physical setup con-
sists of an ensemble of identically prepared systems under-
going the same dynamics: for instance, dilute mono-atomic
gases. They are very simple systems, in the sense their con-
stituents (atoms), are perfectly identical and interact very
weakly with each other. Atoms in such gases can be con-
sidered as perfect quantum systems, with a sequence of dis-
crete energy states labeledjii , for i 2 N, with increasing en-
ergiesEi = h̄wa;i depending only on the atomic species con-
sidered. In order to measure the population of the ground
state (i.e, the state of the lower energy), the system is illu-
minated with coherent light (a �rst laser) whose frequency
is close to the transition frequency corresponding to the en-
ergy gapE j � E0 = h̄(wa; j � wa;0) of a very unstable excited
state (i.e, having a very short lifetime) to the ground state
transition. It generates a transitionj0i ! j j i for a part of
the population illuminated from the ground state to the ex-
cited state, which spontaneously decays to the ground state
emitting a photon. The measurement of the number of pho-
tons emitted is then directly proportional to the population
of the ground statej0i . Suppose there is also another laser
whose frequency is close to the transition frequency of an-
other excited statejei to the ground statej0i . The lifetime of
the transition between the two latter states is supposed to be
much longer than the previous one. To a �rst approximation
the dynamics of the two-state system (ground statej0i and
excited statejei having the longest lifetime) is described by
a Schrödinger equation. We assume that some parameters
are not well known:D which is the difference between the
second laser frequency and the atomic transition frequency,
m which is the atom-laser coupling strength and character-
izes the Rabi frequency. The goal is to identify in real timeD
andm, measuring the ground state population thanks to the
�rst laser (which generates a transition only for ground state
population) and the photo-detector. The usual modeling of
these open-quantum systems via Lindbald type terms in the

density matrix dynamics (see, e.g., [12]) is analyzed in [25],
where singular perturbation techniques are applied to justify
the adiabatic (quasi-static) approximations usually madeby
physicists and leading to a dynamical model described (up
to higher order terms) by a Schrödinger equation despite a
continuous population measurement.

In Section 2, we provide an observer which estimates the
Qubit wave function (in fact we rather use the density matrix
language) and the two parametersDandmat the same time.
The ef�ciency and the robustness of the estimator are tested
through some simulations in the same section. In Section 3,
the structure and the design technique of the proposed ob-
server are analyzed. The Section 4 is dedicated to the proof
of a convergence result for the estimation algorithm. In Sec-
tion 5, we propose an extension of the observer to the multi-
level systems where an exact knowledge of the frequencies
(no de-tuning) and the only parameters to identify are the
atom-laser coupling constants. After testing the relevance
and the robustness of the observer on a 3-level system, we
discuss a heuristic extension of the convergence proof to the
multi-level case.

We use the standard notations in quantum physics literature
(see e.g. [7], and [12] for a more advanced lesson).

2 Observer-based Qubit Hamiltonian identi�cation

2.1 Dynamics

The Schrödinger equation for the system writes:

�
d
dt

Y =
�

D
2

sz+
um
2

sx

�
Y ; Y =

 
Y 1

Y 2

!

2 C2 (1)

where we let

sx =

 
0 1

1 0

!

; sy =

 
0 � i

i 0

!

; sz =

 
1 0

0 � 1

!

denote the Pauli matrices,D is the difference between the
atomic transition frequency (of ground state to excited state
we0 = wa;e � wa;0) and the laser frequencyw, m is the atom-
laser coupling constant andu(t) 2 R is the slowly varying
amplitude of the laser. We haves 2

x = 1; sxsy = �sz (which
can be completed using circular permutation), the output is

y = < szY;Y > = jY 1j2 � j Y 2j2 = 2jY 1j2 � 1

as the measurement is the ground state populationjY 1j2

and the conservation of probability impliesjY 1j2 + jY 2j2 =
1. For a justi�cation (in the frame of singular perturbation
theory) of this model (applying weak measurement) see [25].

It is convenient to write the dynamics with the density ma-
trix: let r = YY † denote the complex matrix associated
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to the projector on the stateY . Supposing that the sys-
tem is pure (meaning it is not entangled to its environment)
implies both propertiesTr(r ) = Y †

1Y 1 + Y †
2Y 2 = 1 and

r 2 = YY †YY † = r . Thus rewriting (1) the system becomes

d
dt

r = � �
�

D
2

sz+
um
2

sx; r
�

(2)

d
dt

m= 0 (3)

d
dt

D= 0 (4)

y = Tr(szr ) (5)

where [,] is the commutator. We assume the laser amplitude
to be slowly varying compared to the Rabi frequencyjumj
: j �uj << jumjjuj (the Rabi frequency is a characteristic of
the absorption-emission cycle of photons for an illuminated
atom). We assume, moreover, that the frequencies of the
laser and the frequencies of the atomic transition are close:
jDj << jujm.

2.2 The observer

Consider the observer

d
dt

r̂ = � �
�

D̂
2

sz+
um̂
2

sx; r̂
�

(6)

� Kr (Tr [szr̂ ] � y) (szr̂ + r̂s z � 2Tr[szr̂ ] r̂ ) (7)
d
dt

m̂= � uKmTr [syr̂ ] (Tr [szr̂ ] � y) (8)

d
dt

D̂= � uKDTr[sxr̂ ] (Tr[szr̂ ] � y) (9)

whereKr , Km andKD are positive scalars. As we did for the
true system, let us suppose thatu is constant, andjD̂j � ejumj.
To be able to apply the standard perturbation techniques for
this type of physical system we choose the gains

Kr = 4kr ejujm; Km = 2kme2m2; KD = 2kDe2jujm2

with e > 0 small (e � 1), andkr ;km;kD � 1.

2.3 Simulations

We take for the initial conditions:

r 0 =
1+ cos

� p
5

�
sx + sin

� p
5

�
cos

� p
1:4

�
sy + sin

� p
5

�
sin

� p
1:4

�
sz

2

m= 1 ; D=
1
5

; r̂ 0 = sxr 0sx

We choose for the controlu and the gains:u = 1, Kr =
2ejujm, Km = 2e2m2 et KD = 2e2jujm2 with e = 1

5. The re-
sults are given by �g 1. In �g 2, the measured signalsy and
laser amplitudeu were added white gaussian independent
noises of amplitude 20% (outputy) and 10% (controlu).

Fig. 1. Measured output, output error, estimations of the parameters
m andD without noise.

Fig. 2. Measured output, output error, estimations of the parameters
m andD with noisy measurement and control.

3 Structure of the observer

3.1 Symmetries

The system is invariant under a change of basis for the
wave functionY 7! UY where U is any unit matrix of
the Lie groupSU(2). Indeed consider the transformation
v = Ur U†, andzx = UsxU†, zy = UsyU†, zz = UszU†.
With the new variables, the dynamics (2)-(5) writes

d
dt

v = � �[
D
2

zz+
um
2

zx;v ]

y = Tr(zzv )

D and m are unchanged by the transformation and we still
have �D= �m= 0. zx, zy, zz verify the commutation relations
of the Pauli matrices. Thus the system is invariant under the
action of the transformation groupSU(2) (see de�nition 3
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of Appendix A).

3.2 Invariants, Invariant output, invariant vector �elds

Here, we explain the structure of the (symmetry-preserving)
observer (6)-(7)-(8)-(9). In this subsection, we considerthe
reduced system (2)-(5)

d
dt

r = � �
�

D
2

sz+
um
2

sx; r
�

y = Tr(szr )

since the action of the group SU(2) onD and m is trivial.
To build observers which preserve the symmetries (i.e, are
invariant under the action ofSU(2)), we follow the method
of [5] : �nd a) an invariant output error b) an invariant frame
c) a complete set of scalar invariants d) use eq (A.4) to derive
non-linear observers. Some basic de�nitions and results of
this latter paper are recalled in the appendix A.

The method does not fully apply to the two-state quantum
system under study, since the dimension of the groupSU(2)
is 3 and the group acts non-trivially onr which is of dimen-
sion 2, and for any density matrixr the set of allU 2 SU(2)
such thatUr U† = r (isotropy subgroup) is of dimension 1.
It contradicts the full-rank assumptions on the group action
(free action) of [5]. Nevertheless the method (although lo-
cal) gives very useful guidelines for the design of (globally
de�ned) non-linear observers.

Invariant output error:

The outputy = Tr(szr ) is a scalar. It is invariant under
the group action (it has a physical meaning independent of
the basis used to write the Schrödinger equation). Indeed
for anyU 2 SU(2) if we let v = Ur U† and zz = UszU†

we havey = Tr(zzv ) = Tr(Uszr U†) = Tr(szr ). Thus an
output error is (see the de�nition 6 of Appendix A) :

E( r̂ ;sx;sy;sz;y) = ŷ� y = Tr(sz( r̂ � r ))

Invariant vector �elds:

The system (2) is invariant thus the second member of (2) is
made of invariant vector �elds (in the sense of the de�nition
4 of Appendix A). Inspiring from equation (2) let us take as
invariant vector �elds

(w1(r );w2(r );w3(r )) = ( � �[sx; r ]; � �[sy; r ]; � �[sz; r ])

They are not an invariant frame (see def 5) since they are
functionally dependant. Indeed the tangent space of the 2�
2 projector matrices with trace 1 at any point is only of
dimension 2. But they provide a global parameterization of
the tangent bundle.

Scalar invariants:

A complete set of scalar invariants is a full rank function
( r̂ ;sx;sy;sz) 7! I ( r̂ ;sx;sy;sz) 2 Rn+ m� r which is invariant
under the group action (wheren is the dimension of the state
space,m is the dimension on the inputs on which(y g)g2G
act, andr is the dimension of the group G). Heren = 2;m=
3 andr = 3. Locally there aren+ m� r = 2+ 3� 3 = 2
independent scalar invariants (see [28]). Take :

I ( r̂ ;sx;sy;sz) = ( Tr(sxr̂ );Tr(syr̂ );Tr(szr̂ ))

It is a set of 3 functionally dependent global invariants since
Tr2(sxr̂ ) + Tr2(syr̂ ) + Tr2(szr̂ ) = 1 (see section 3.3).

We are going to prove now that the observer (6)-(7) for the
reduced system (2)-(5) corresponds indeed to (A.4) and thus
is a symmetry-preserving observer.

3.3 Geometrical interpretation with the Bloch sphere

The Bloch sphere is a geometrical representation of the pure
state space of a two-level quantum mechanical system. An
important property is that any density matrixr can be written

r =
1+ Xsx + Ysy + Zsz

2
; with z =

0

B
B
@

X

Y

Z

1

C
C
A 2 S2

where 1 denotes the identity 2� 2 matrix. We have Tr[sxr ] =
X;Tr[syr ] = Y and Tr[szr ] = Z. Note that, the coordinate
Z in this section is the outputy. The commutation opera-
tion � �[sx; r ] corresponds to the wedge product(1;0;0)T

with (X;Y;Z)T (circular permutations allow to complete the
correspondences). The dynamics ofz (see eq (2)) is

d
dt

z = (
um
2

;0;
D
2

)T ^ z (10)

The symmetries of section 3.1 associated to the invariance
under a change of basis correspond in the Bloch sphere
representation to the invariance with respect to the choice
of any orthonormal frame (invariance under the action of
SO(3)). Physically, designing a symmetry-preserving ob-
server amounts to compel the estimated system to be pure
(i.e, ẑ 2 S2).

The correction term in (7) writes� Kr (Ẑ � Z)[� X̂Ẑsx �
ŶẐsy + ( 1� Ẑ2)sz] and corresponds in the Bloch sphere to
� Kr (Ẑ � Z)(Ŷ; � X̂;0)T ^ ẑ , whereẑ = ( X̂;Ŷ; Ẑ)T . It means
that (6)-(7) can be written

d
dt

r̂ = � �
�

D̂
2

sz+
um̂
2

sx; r̂
�

+ �Kr (Tr [szr̂ ] � y) (Tr [syr̂ ] [sx; r̂ ] � Tr[sxr̂ ] [sy; r̂ ])
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and thus the observer (6)-(7) for the reduced system (2)-(5)
is of the form(A.4).

Heuristic of the invariant correction terms

This paragraph explains the geometrical motivations for the
gains we chose. More rigorous proofs are given in the next
section. Letez = ( 0;0;1)T . We proved that (6)-(7) writes in
the Bloch sphere :

d
dt

ẑ =
1
2

0

B
B
@

um̂

0

D̂

1

C
C
A � ẑ � Kr (Ẑ � Z)

�
ẑ � ez

�
� ẑ (11)

Thus the correction term (7) is ”mirrored” in the Bloch
sphere representation by the projection of the gradient of
� Kr

2 (Ẑ � Z)2 on the tangent spaceTS2jẑ . It is a vector which

is always pointing towards “north” (i.e,Z = 1) if Ẑ < Z and
towards “south” (i.e,Z = � 1) if not.

Kr is much larger than the gainsKm andKD (the ratio is of
ordere). Let us now suppose thatẑ � z � 0. Using (10) and
(11), we haved

dt (Ẑ � Z) � u
2(m̂� m)Ŷ. Thus, if m̂> m, the

differenceẐ� Z tends to increase iff̂Y > 0. This explains the
choice of (8) which writes in the Bloch sphere representation
d
dt m̂= � uKmŶ(Ẑ � Z). The design of (9) which writesddt D̂=
� uKDX̂(Ẑ � Z) can be explained the same way assuming
moreover thatm̂� m � 0 and noticing thend2

dt2 (Ẑ � Z) �
u
4m(D̂� D)X̂.

4 Convergence analysis

Theorem 1 Consider the two-level system described by(2)
-(3)-(4)-(5) where the amplitude of the laser u is constant.
Assumer (0) 6= 1� sx

2 . Then the non-linear observer(6)-(7)-
(8)-(9) is locally convergent for any positive gains Kr , Km,
KD. Moreover for any t we have Tr[r̂ (t)] = Tr

�
r̂ (t)2

�
= 1.

It means that the observer provides a real-time estimation
r̂ , m̂, D̂ of (resp) the density matrixr and the parameters of
the hamiltonianm, D. Moreover it preserves the geometric
properties of the system, i.e,r is a density matrix of a pure
system.

The proof of the theorem is the object of this section and
relies on a standard averaging method called rotating wave
approximation. To apply it one writes the system in the (stan-
dard) interaction frame, i.e, one makes the time dependant
change of variables:

r = e� � umtsx
2 xe� umtsx

2 ; r̂ = e� � umtsx
2 x̂e� umtsx

2 :

We have thus

d
dt

x = [ �
umsx

2
;x ] + e� umtsx

2 (
d
dt

r )e� � umtsx
2

as well as a similar relation forddt x̂ . Throughout the section,
we are going to use the two following useful features: for
any scalara we have

e�asx = cosa+ �sina sx thus e�asxsy = sye� �asx (12)

and thus for any 2� 2 matrixM

e� a
2sx[sy;M]e� � a

2sx = [ e�asxsy;e� a
2sxMe� � a

2sx]

e� a
2sx[sx;M]e� � a

2sx = [ sx;e� a
2sxMe� � a

2sx]
(13)

Both preceding formulas can be completed by circular per-
mutations onsx;sy;sz. Thus

d
dt

x = � �
�

D
2

e�umtsxsz;x
�

(14)

which shows the interest of the interaction frame. Similarly,
still using (12)-(13), the observer in the interaction frame
reads:

d
dt

x̂ = � �
�

D̂
2

e�umtsxsz+
u(m̂� m)

2
sx; x̂

�

� Kr Tr
h
e�umtsxsz(x̂ � x )

i
�

�
e�umtsxszx̂ + x̂e�umtsxsz � 2Tr

h
e�umtsxszx̂

i
x̂

�

d
dt

m̂= � uKmTr
h
e�umtsxsyx̂

i
Tr

h
e�umtsxsz(x̂ � x )

i

d
dt

D̂= � uKDTr
h
sxx̂

i
Tr

h
e�umtsxsz(x̂ � x )

i
:

(15)

First-order secular approximation

The integration of terms of the form exp(ikumt); k 2 N�

over the timet yields terms of small amplitude rotating with
high frequency and zero mean. The secular approximation
consists in neglecting the terms rotating with high frequen-
ciesum and 2um, by averaging their in�uence on the evo-
lution of r (see, e.g., [12] for a physicist point of view on
the standard rotating wave approximation or [1] for a more
formal exposure).The true dynamics consists of (fast) small
oscillations around the (slowly-varying) solution of the av-
eraged system. In order to compute the averaged system we
use (12) to prove for any scalara

e�asxsz = cos(a)sz+ sin(a)sy (16)
e�asxsy = cos(a)sy � sin(a)sz: (17)
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and thus (for instance)

Tr
h
e�umtsxsz(x̂ � x )

i
e�umtsxszx̂

= cos2(umt)Tr
h
sz(x̂ � x )

i
szx̂

+ sin2(umt)Tr
h
sy(x̂ � x )

i
syx̂

+ sin(umt) cos(umt)�
�

Tr
h
sz(x̂ � x )

i
syx̂ + Tr

h
sy(x̂ � x )

i
szx̂

�
:

Computing all the other terms of (15) the same way, and
taking the time average over a periodp=(um) (assuming that
x , x̂ , D̂, m̂are constant over a period), we get the following
autonomous system for the averaged system/observer:

d
dt

x = 0 ;
d
dt

m= 0 ;
d
dt

D= 0

d
dt

x̂ = � �
�

u(m̂� m)
2

sx; x̂
�

�
Kr

2
Tr

h
sy(x̂ � x )

i �
syx̂ + x̂sy � 2Tr

h
syx̂

i
x̂

�

�
Kr

2
Tr

h
sz(x̂ � x )

i �
szx̂ + x̂sz � 2Tr

h
szx̂

i
x̂

�

d
dt

m̂= �
uKm

2
[Tr

h
syx̂

i
Tr

h
sz(x̂ � x )

i

� Tr
h
szx̂

i
Tr

h
sy(x̂ � x )

i
]

d
dt

D̂= 0:

Lemma 2 Supposex (0) 6= 1� sx
2 . Then for all Kr ;Km > 0,

the averaged̂x � x and m̂� m both converge locally expo-
nentially to0.

PROOF. We consider the Lyapunov function

V =
1
2

Tr2(sy(x̂ � x )) +
1
2

Tr2(sz(x̂ � x )) +
1

Km
(m̂� m)2

Let d manddx respectively denotêm� m and x̂ � x . Ap-

plying Tr
h
x̂

i
= 1 we have,

d
dt

Tr
�
sydx

�
= �

ud m
2

Tr
h
2szx̂

i

� Kr Tr
�
sydx

�
(1� Tr2(syx̂ ))+ Kr Tr[szdx]Tr

h
syx̂

i
Tr

h
szx̂

i

d
dt

Tr [szdx] =
ud m

2
Tr

h
2syx̂

i

� Kr Tr[szdx] (1� Tr2(szx̂ ))+ Kr Tr
�
sydx

�
Tr

h
syx̂

i
Tr

h
szx̂

i
:

When developingd
dtV the terms havingu as a factor com-

pensate each other and there only remain the terms withKr

as a factor:

dV
dt

= � Kr Tr2(sydx)(1� Tr2(syx̂ ))

� Kr Tr2(szdx)(1� Tr2(szx̂ ))

+ 2Kr Tr [sydx]Tr [szdx]Tr
h
syx̂

i
Tr

h
szx̂

i

= � Kr

�
Tr(sydx)Tr(szx̂ ) � Tr(szdx)Tr(syx̂ )

� 2

� Kr Tr2(sxx̂ )
�
Tr2(sydx) + Tr2(szdx)

�

� 0:

where we used the fact that Tr2(sxx̂ ) + Tr2(syx̂ ) +
Tr2(szx̂ ) = 1. Sincez andẑ evolve on a compact manifold
andV is in�nite when eitherm̂ or m tend to in�nity, one
can apply the LaSalle invariance principle. Two situations
are possible.ddtV = 0 implies

� Either Tr2(sydx) + Tr2(szdx) = 0, meaning that

Tr
h
sxx̂

i
= � Tr[sxx ] (corresponding to two equilibria

that we shall denote byx+ and x� ). Since d
dt x = 0, x̂

is constant and thus[(m̂� m)sx; x̂ ] = 0, implying that
m̂= m since we assumedx (0) 6= 1� sx

2 . One can easily
prove that(x� ;m) is an unstable equilibrium whereas
(x+ ;m) = ( x ;m) is an exponentially stable equilibrium
for (x̂ ; m̂). Indeed, one may just consider the same Lya-
punov function for the linearized system around the
equilibrium(x+ ;m) and apply the invariance principle.

� Or d
dtV = 0 implies both Tr

h
sxx̂

i
= 0 and there exists

a 2 R such that Tr
h
syx̂

i
= a Tr [syx ] and Tr

h
szx̂

i
=

a Tr [szx ]. Thus

x̂ = x� =
1
2

�
1�

Tr [syx ]sy + Tr[szx ]szq
Tr [syx ]2 + Tr[syx ]2

)

Moreover using Lasalle invariance principle and devel-
oping d

dt x̂ = 0 we getm̂= m. It is easy to check that
(x̂ = x� ; m̂= m) are equilibrium points of the system.

But 0 < V(x� ;m) = 1
2

�
1 +

q
Tr [syx ]2 + Tr[syx ]2

� 2.
Since we are looking for a local result, we can choose
the initial sate(x̂0; m̂0) such thatV(x̂0; m̂0) < V(x� ;m).
Since V decreases along the trajectories,(x̂ ; m̂) will never
reach the equilibrium(x� ;m). Moreover we supposed

that Tr
h
sxx̂

i
= 0, and since the initial condition can be

chosen so thatV is arbitrarily small, the only reachable
value (in any case) for the equilibrium pointx+ is such
that Tr[sxx ] = 0 implying x+ = x .

We have proved that the steady-state(x̂ ; m̂) = ( x ;m) of the
averaged system is exponentially stable.
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Second-order secular approximation

Since the �rst-order secular (non-oscillating) terms van-
ish when computingd

dt x and d
dt D̂, we have to consider

the second-order secular approximation for proving conver-
gence. We apply the Kapitsa shortcut method described in
e.g, [18]. Letum= n. x obeys a differential equation with a
high frequency source termddt x = f (x ;nt). We proved that
the mean ofx over a period is constant. Integrating high
frequency terms yields high frequency terms with same fre-
quency and smaller amplitude: we seek a solution of the type

x = z +
g1(z ;t)

n
+

g2(z ;t)
n2 + � � �

wherez is the mean ofx over a period (recallddt z = 0+
O(1=n)). Let us compute the second-order term,g1(z ;t),
and neglect the third-order terms. On one hand, we have:

d
dt

x = 0+
g0

1(z ;t)
n

whereg0
1 = ¶2g1 is the partial derivative ofg1 with respect

to its second variable. But using (14) and neglecting third
order terms:

d
dt

x = � �
�

D
2

eintsxsz;z +
g1(z ;t)

n

�
: (18)

Gathering the two latter equations

g0
1(z ;t) = � n �[

D
2

eintsxsz;z ] + O(1):

Integrating with respect to timet the last equation yields:

g1(z ;t) = �[
D
2

eintsxsy;x ] + O(
1
n

):

Thus (18) can be re-written as

d
dt

x = � �[
D
2

e�ntsxsz;z + g1(z ;t)=n] + O(
1
n2 )

= � �[
D
2

e�ntsxsz;z ] +
D2

4n
[e�ntsxsz; [eintsxsy;z ]] + O(

1
n2 )

Now let us compute the temporal mean (over a period) and
only keep the secular terms. We apply (16) and (17). Ap-
plying the Jacobi identity

d
dt

x = � �
D2

2um
[sx;x ] + � � �

where we have not written the oscillating terms of 0 mean
nor the terms of orderO( 1

n2 ). Note that, here, we �nd the

second-order termD2

2um corresponding to the standard Bloch-
Siegert shift.

We also need to writêD up to second order terms (coef�-
cients of 1

n ) since it has constant mean. We go back now to
the exact equations (15). We have

d
dt

D̂= � uKDTr
h
sxx̂

i
Tr

h
e�umtsxsz(x̂ � x )

i
(19)

Up to the second order, the secular terms of (19) can
be calculated as the sum of two parts: 1. replacex̂ � x
by its n-frequency part in order to compute the secu-

lar terms of Tr
h
e�umtsxsz(x̂ � x )

i
; then multiply them by

� uKDTr
h
sxx̂

i
; 2. replacex̂ in Tr

h
sxx̂

i
by its n-frequency

terms, leavingx̂ � x untouched and calculate the secular

terms of Tr
h
sxx̂

i
Tr

h
e�umtsxsz(x̂ � x )

i
. Note that, accord-

ing to (15),x andx̂ up to second order have an oscillating
part of frequencyn and another one of frequency 2n. But
only the terms of frequencyn in x andx̂ can have a secular
effect when following the two steps 1. and 2.

The n-frequency part ofx̂ is due to the integration of

� �
h

D̂
2 e�umtsxsz; x̂

i
and so is forx . Thus

x̂ = ẑ +
�D̂

2um

h
e�umtsxsy; x̂

i
+ � � �

x = z +
�D

2um

�
e�umtsxsy;x

�
+ � � �

(20)

whereẑ (respz ) is a solution of the averaged equation forx̂
(respx ) and the non-written terms are either 2n-frequency
terms or are of orderO( 1

n2 ). So 1. on one hand, we have

Tr
h
e�ntsxsz(x̂ � x )

i
=

1
n

�
D̂Tr

h
sxx̂

i
� DTr[sxx ]

�
+ � � �

where we have not written the oscillating terms of 0 mean.
Here, we have applied (20) and the following relation which
can be proven using (12) and (13):

�
D̂
2n

e�ntsxsz[e�ntsxsy; x̂ ] = �
D̂
2n

�
sz[sy; x̂ ] � �sy[sy; x̂ ]

�
+ � � � :

2. on the other hand, for then-frequency part of Tr
h
sxx̂

i
,

using (20), we have:

Tr
h
sx[e�ntsxsy; x̂ ]

i
= Tr

h
cosnt sx[sy; x̂ ] � sinnt sx[sz; x̂ ]

i

= 2�Tr
h
cosnt szx̂ + sinnt syx̂

i
:

We can then write the sine and cosine as sums of exponen-
tials and the secular terms give the last term our �nal inter-
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mediary result which is that, up to the second order

d
dt

D̂= �
KD

m

�
Tr

h
sxx̂

i 2
D̂� Tr

h
sxx̂

i
Tr [sxx ]D

�

+
KDD̂
2m

[Tr
h
syx̂

i
Tr

h
sy(x̂ � x )

i

� Tr
h
szx̂

i
Tr

h
sz(x̂ � x )

i
]:

We have obtained the following, locally convergent, trian-
gular system:

d
dt

x order 2= � �
D2

2um
[sx;x ] (21)

d
dt

x̂ order 1= � �
�

u(m̂� m)
2

sx; x̂
�

�
Kr

2
Tr

h
sy(x̂ � x )

i �
syx̂ + x̂sy � 2Tr

h
syx̂

i
x̂

�

�
Kr

2
Tr

h
sz(x̂ � x )

i �
szx̂ + x̂sz � 2Tr

h
szx̂

i
x̂

�

d
dt

m̂order 1= �
uKm

2
[Tr

h
syx̂

i
Tr

h
sz(x̂ � x )

i

� Tr
h
szx̂

i
Tr

h
sy(x̂ � x )

i
]

d
dt

D̂ order 2= �
KD

m

�
Tr

h
sxx̂

i 2
D̂� Tr

h
sxx̂

i
Tr [sxx ]D

�

+
KDD̂
2m

[Tr
h
syx̂

i
Tr

h
sy(x̂ � x )

i

� Tr
h
szx̂

i
Tr

h
sz(x̂ � x )

i
]:

The lemma 2 proves (after using averaging arguments) that
m̂� mandx̂ � x0 converge (locally) to 0 for anyKr ;Km> 0
independently from̂D. The last equation of (21) shows that
oncex̂ � x is close to 0, since we supposedx (0) 6= 1� sx

2 ,

the dominant term multiplyinĝD is � Tr
h
sxx̂

i 2
, and D̂�

D converges to 0 forKD > 0. This implies that the point
(x0;m;D) is a hyperbolic, asymptotically stable, �xed point
of the averaged dynamics (21).

We can, now, apply the classical averaging theorem (see e.g.
Theorem 4.1.1, page 168 of [11]). Note that, even though the
cited theorem deals with the �rst order approximations, the
whole analysis permitting to pass from the secular approxi-
mation in bounded time horizon to an asymptotic result can
be adapted to the situations of higher orders. Indeed, this
analysis is only based on the application of the Poincaré map
and the fact that in a bounded time horizon (of order 1=e)
the averaged dynamics provide anO(e)-estimate of the real
dynamics.

Therefore, there exists a unique hyperbolic periodic
orbit of the real system (6)-(7)-(8)-(9) of the form

ge(t) = ( x0;m;D) + O(e) which is also asymptotically sta-
ble. We conclude noting that(x ;m;D) actually provides
such a periodic solution and therefore it is this asymptoti-
cally stable periodic orbit.�

Tuning the gains for the linearized system

In order to get a robust observer the tuning of the gains must
respect the time scales. To choose appropriate gains, we con-
sider the �rst order approximation of (21) around particular
equilibrium points which are such that the linearized system
writes simply around these points.

Consider the linearized error variables

x̂ � x =
1+ X̃sx + Ỹsy + Z̃sz

2
; m̃= m̂� m; D̃= D̂� D

where we haveX = Tr [sxx ], X̂ = Tr
h
sxx̂

i
, X̃ = X̂ � X and

the analogous formulas forY;Z;Ŷ; Ẑ;Ỹ; Z̃. Consider the lin-
earized system aroundx = 1� sz

2 (i.e,Z = � 1). Up to second
order terms, we have

d
dt

(x̂ � x ) = ( � um̃� Kr Ỹ)sy:

This can be written as

d
dt

X̃ = 0;
d
dt

Ỹ = � um̃� Kr Ỹ;
d
dt

Z̃ = 0: (22)

We also have

d
dt

m̃= � uKm(0� Ỹ)=2 = uKmỸ=2 (23)

and
d
dt

D̃=
KD

2m
D̂Z̃

Let us now write the linearized system around the other
equilibrium pointr = 1� sx

2 (i.e, X = � 1)

d
dt

(x̂ � x ) = �
Kr

2
(Ỹsy + Z̃sz);

d
dt

m̃= 0

and

d
dt

D̃= �
KD

m
D̃ (24)

The interesting equations for the tuning are (22), (23) and
(24). To respect the time scales, set 0< e � 1 and choose
the gainKr � ejumj. In this case the observer �lters the high
frequencies and the average ofkx̂ � xk tends to decrease.
Choose a slower characteristic time of convergence for the
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parameterŝm andD̂ with respect to the characteristic time
of convergence of̂x

Kr = 2kr ejujm; Km = 2e2m2; KD = kDe2jujm2

wherekr ;kD > 0 are any scalar of order 1. The tuning of the
gains is only made for the linearized system around particu-
lar equilibrium points. Nevertheless we think the nonlinear
structure of the observer, based on the symmetries (and thus
very close to the structure of the system), allows a good
global behavior, as the simulations show.

5 Extension: multilevel case

In this section, we extend the above identi�cation algorithm
to the general case of a multi-level system. We will assume
that we exactly know the system's energy levels and there-
fore that the system in the free Hamiltonian's rotating frame
admits a zero detuning. The goal is therefore to identify the
atom-laser coupling parameters. In the simulations, we will,
however, see that the provided algorithm is in fact robust
with respect to small uncertainties in the system's spectrum
and that a small detuning will not affect the convergence of
the algorithm.

Before going through this extension, we need to address the
non-trivial identi�ability problem for the multi-level case.
The Appendix B (based on the result of [20]) provides suf-
�cient assumptions ensuring the identi�ability.

5.1 Observer design

Consider theN-levels system,(j j i )N
j= 1, described by the den-

sity matrix r obeying the following dynamics (we assume
here the assumptionsA1,A2 andA3 of the Appendix B to
be satis�ed):

�
d
dt

r = � i[H + u(t)m; r ] (25)

where

� H = å N
j= 1w j j j i h jj is the free Hamiltonian withw j real

and satisfyingjwl � wkj 6= jwl0� wk0j for any distinct cou-
ples(l ;k) and(l0;k0);

� m= å 1� l< k� N mlk (jkihl j + jl ihkj) wheremlk are the pa-
rameters to identify;

� the electromagnetic �eld is represented by the scalar input
u(t) 2 R.

We assume that

y j (t) = Tr[Pj r (t)] ; Pj = j jih jj ; j = 1;2; :::;N

are the measured outputs. The goal is to estimate the coef-
�cient mlk, thew j 's being known.

We setu(t) = å 1� l< k� N Alk cos(wlkt) wherewlk = wl � wk
andAlk is a constant amplitude.

Consider the ”Pauli matrices” associated to the transition
betweenl andk:

s lk
x = jl ihkj + jkihl j

s lk
y = � i jl ihkj + i jkihl j

s lk
z = Pl � Pk = jl ihl j � j kihkj

I lk = Pl + Pk = jl ihl j + jkihkj :

For eachl 6= k, we have the usual relations:

(s lk
x )2 = I lk; s lk

x s lk
y = is lk

z ; : : :

For eachj and k 6= j, Pj = I jk+ s jk
z

2 . In the sequel, we use
the shortcut notationå lk that stands forå 1� l< k� N. Thus we
have

u = å
lk

Alk cos(wlkt); m= å
lk

mlks lk
x :

Thus (25) reads:

d
dt

r = � i[H; r ] � iå
lk

å
l0k0

Al0k0mlk cos(wl0k0t)[s lk
x ; r ]

In the interaction frame,x = eiHt r e� iHt , we have

d
dt

x = � iå
lk

å
l0k0

Al0k0mlk cos(wl0k0t)
h
eiHt s lk

x e� iHt ;x
i

;

the measurement outputs being given byy j = Tr [Pjx ] since
[Pj ;H] = 0.

Simple computations show

eiHt s lk
x e� iHt = eiwlkts lk

z s lk
x = cos(wlkt)s lk

x � sin(wlkt)s lk
y

and

eiHt s lk
y e� iHt = eiwlkts lk

z s lk
y = sin(wlkt)s lk

x + cos(wlkt)s lk
y

For(l ;k) 6= ( l0;k0), jwlk j 6= jwl0k0j. Thus resonant terms come
only from (l ;k) = ( l0;k0). Under the ”rotating wave approx-
imation”, the above equation reads:

d
dt

x = � iå
lk

Alkmlk

2

h
s lk

x ;x
i

: (26)

Note that when our knowledge of the energy levels,(w j )N
j= 1,

is uncertain, a detuning term has to be added to the dynamics:

d
dt

x = � idH � iå
lk

Alkmlk

2

h
s lk

x ;x
i

; dH = diag(dwj ):

(27)
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Similarly to the 2-level case, we propose the following
observer-based estimator:

8
>>>>>>><

>>>>>>>:

d
dt

x̂ = � iå
lk

Alkm̂lk

2

h
s lk

x ; x̂
i

+ G
N

å
j= 1

Tr
h
Pj (x � x̂ )

i �
Pj x̂ + x̂Pj � 2Tr

h
Pj x̂

i
x̂

�

d
dt

m̂lk =
glkAlk

2
Tr

h
s lk

y x̂
i

Tr
h
s lk

z (x � x̂ )
i

;

(28)

noting that

Tr
h
s lk

z (x � x̂ )
i

= ( yl � Tr
h
Pl x̂

i
) � (yk � Tr

h
Pkx̂

i
):

Here, similarly to the 2-level case and in order to respect
the time scales we choose the gains:

G= 2eeGmax
i; j

jAi j mi j j ; glk = 2e2eglk max
i; j

m2
i j ; (29)

wheree > 0 is small (e � 1), andeG; eglk � 1.

5.2 Numerical simulations

In this subsection, we check out the performance of the
generalized estimator on a 3-level test case. The atom-laser
coupling parameters, to be identi�ed, are given as follows:

m= ( mlk) =

0

B
B
@

0 1:3 1

1:3 0 � 1:5

1 � 1:5 0

1

C
C
A

noting that by assumptionA3 of Appendix B, the diagonal
part of mmust vanish. We consider the initial state

r 0 = Y 0Y �
0; Y 0 =

1
p

30
(1;2;5)T ;

and the control amplitudes,

Alk = :1; l 6= k:

Furthermore, we initialize the estimator as follows:

8
>>>>>><

>>>>>>:

bm= ( bmlk) =

0

B
B
@

0 1 :6

1 0 � 1:8

:6 � 1:8 0

1

C
C
A

br 0 = bY 0 bY �
0; bY 0 =

1
p

14
(1;2;3)T :

In a �rst simulation, we consider an exact situation where no
detuning, no noise in the measurement and no noise in the
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Fig. 3. Estimations ofmlk and measurement output errors.

control amplitude are admitted. The simulations of Figure 3,
then, correspond to the design parameters

G= 1; glk = 0:1 l 6= k;

associated toe = 1=10 in (29).

In a second simulation (Figure 4), we consider a detuning
of the form

dH = diag(0; :01; :015);

an additive gaussian noise of 10% to the measurement out-
puts and a gaussian noise of 5% to the control amplitude.

5.3 Convergence analysis: formal discussion

Consider the following function

V =
1
2

N

å
n= 1

Tr
h
Pn(x̂ � x )

i 2
+ å

lk

2(m̂lk � mlk)2

glk
: (30)

One can easily see that

dV
dt

= å
lk

Alkmlk

2
Tr

h
s lk

z (x � x̂ )
i

Tr
h
s lk

y (x � x̂ )
i

� 2Gå
l

å
k< l

Tr
h
Pkx̂

i
Tr

h
Pl x̂

i
Tr

h
s kl

z (x � x̂ )
i 2

: (31)

While the second term in (31) is obviously negative, the �rst
term has no reason to be negative. However, we will show
by a formal argument that (considering some appropriate
assumption concerning the Rabi frequencies) this term can
be averaged to zero and thus can be neglected.

10



0 50 100 150 200 250 300 350 400
1

1.1

1.2

1.3

1.4

0 50 100 150 200 250 300 350 400
0.6

0.7

0.8

0.9

1

1.1

0 50 100 150 200 250 300 350 400

-1.8

-1.7

-1.6

-1.5

-1.4

0 50 100 150 200 250 300 350 400
-1

-0.5

0

0.5

1

0 50 100 150 200 250 300 350 400
-0.4

-0.2

0

0.2

0.4

0 50 100 150 200 250 300 350 400
-1

-0.5

0

0.5

1

b m 1
2

b m 1
3

b m 2
3

m12 = 1:3

m13 = 1

m23 = � 1:5

y1 � by1

y2 � by2

y3 � by3

TimeTime

Fig. 4. Estimations ofmlk and measurement output errors.

In this aim, consider the real effective Hamitonian:

He f f = å
lk

Alkmlk

2
s lk

x ;

and diagonalize it as follows:

He f f = E†WE; W= diag(W1; :::;WN); Elk 2 R 8l ;k:

wheref WjgN
j= 1 are Rabi frequencies of the system. From

now on, we will assume that these Rabi frequencies are non-
degenerate (Wm 6= Wn for m6= n) and moreover thatG� DW
andglk � DW, whereDW = maxm6= n jWm � Wnj.

Now, in analogy with the 2-level case, consider the unitary
transformation

z = U†ExE†U; ẑ = U†Ex̂E†U;

whereU(t) = exp(� itW). Under such a transformationz
is trivially constantz = Ex0E†. Furthermore, this trans-
formation also removes the highly oscillating part ofx̂ ,
(jm̂lk � mlkj � mmn andG� Alkmlk for all l ;k;m;n):

d
dt

ẑ = � iå
lk

Alk(m̂lk � mlk)
2

h
U†Es lk

x E†U; ẑ
i

+ G
N

å
j= 1

Tr
h
U†EPjE†U(z � ẑ )

i
�

�
U†EPjE†U ẑ + ẑU†EPjE†U � 2Tr

h
U†EPjE†U ẑ

i
ẑ

�
:

Now let us develop the terms in the �rst part of (31), using

this unitary transformation:

Tr
h
s lk

z (x � x̂ )
i

Tr
h
s lk

y (x � x̂ )
i

=

Tr
h
U†Es lk

z E†U(z � ẑ )
i

Tr
h
U†Es lk

y E†U(z � ẑ )
i

=

i
�
å
r6= s

exp(i(Wr � Ws)t)(Erl Esl � ErkEsk)(zsr � ẑsr)+

å
r

(E2
rl � E2

rk)(zrr � ẑrr )
�

�
 

å
r6= s

exp(i(Wr � Ws)t)(Erl Esk � ErkEsl)(zsr � ẑsr)

!

:

Developing and removing the highly oscillating terms of
frequenciesDW, we �nd

å
r6= s

(Erl Esl � ErkEsk)(ErkEsl � Erl Esk)jzsr � ẑsrj2 =

1
2 å

r6= s
((Erl Esl � ErkEsk)(Erl Esk� ErkEsl)jzrs � ẑrsj2+

(Erl Esl � ErkEsk)(EslErk � EskErl )jzsr � ẑsr)2j = 0;

where we have broken the sum into two parts by symmetriz-
ing with respect to the indicesr ands.

Even though this argument does not prove the convergence
of the estimator for the multi-level system, it gives a strong
reason for it to be ef�cient.

6 Conclusion

In this paper, we propose an observer-based method for
the Hamiltonian identi�cation of a quantum system. A
symmetry-preserving observer (6)-(7)-(8)-(9) has been de-
veloped to give an estimate of the unknown parameters of
the 2-level system. Applying the averaging arguments, a
complete but local analysis of the convergence for the esti-
mation algorithm has been given. Since the observer design
is based on the physical symmetries of the system, a multi-
level extension of the estimator is straightforward. The
convergence of this extension has been formally discussed.
Various simulations in two or three dimensions illustrate
the relevance and the robustness of the technique. Similar
simulations can be performed for higher dimension systems.

Here let us �nish the paper with some concluding remarks.
Note that the non-degeneracy assumption for the Rabi tran-
sitionsDW in Section 5 may be removed using a slow mod-
ulation of the amplitudesAlk. Furthermore, one does not
really need to have access to the continuous measurement
resultsy j (t) (which is lots of information to be asked in the
laboratory settings). In fact, one only needs samples on the
output signal with frequencies much higher than the larger
Rabi frequency.
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A Symmetry-preserving observers

In this section we recall the basic de�nitions and results of
[5]. Consider the smooth system

d
dt

x = f (x;u) (A.1)

y = h(x;u) (A.2)

wherex belongs to an open subsetX � Rn, u to an open
subsetU � Rm andy to an open subsetY � Rp, p � n. We
assume the signalsu(t);y(t) known. In section 3.2 we took

x = r ; u = ( sx;sy;sz); y = Tr[szr ]

Consider also the local group of transformations onX � U
de�ned by

(X;U) =
�
j g(x);y g(u)

�
; (A.3)

wherej g andy g are local diffeomorphisms depending on a
parameterg which is an element of a Lie groupG such that

� j e(x ) = x for all x 2 X
� j g2

�
f g1(x )

�
= j g2g1(x ) for all g1;g2 2 G;x 2 X .

andy g veri�es similar conditions. The action is said to be
trivial if j g is the identity function. In section 3.2 we have
G = SU(2) and for anyU 2 G

j U = y U : M 2 C2� 2 7! UMU†

De�nition 3 The systemd
dt x = f (x;u) is G-invariant

if f
�
j g(x);y g(u)

�
= Dj g(x) � f (x;u) for all g;x;u.

The property also readsddt X = f (X;U), i.e., the system re-
mains unchanged under the transformation (A.3).

De�nition 4 A vector �eld w onX is said to be G-invariant
if the systemd

dt x= w(x) is invariant. This means w(j g(x)) =
Dj g(x) � w(x) for all g, x.

De�nition 5 An invariant frame(w1; :::;wn) on X is a
set of n linearly point-wise independent G-invariant vector
�elds, i.e (w1(x); :::;wn(x)) is a basis of the tangent space
to X at x.

Instead of using the usual linear output error ˆy� y we use
an invariant output error:

De�nition 6 The smooth map(x̂;u;y) 7! E(x̂;u;y) 2 Rp is
an invariant output errorif

� the map y7! E(x̂;u;y) is invertible for all x̂;u
� E

�
x̂;u;h(x̂;u)

�
= 0 for all x̂;u

� E
�
j g(x̂);y g(u);h(j g(x);y g(u))

�
= E(x̂;u;y) for all x̂;u;y

De�nition 7 (pre-observer) The systemd
dt x̂ = F(x̂;u;y) is

a pre-observerof (A.1)-(A.2) if for all x;u F
�
x;u;h(x;u)

�
=

f (x;u).

The de�nition does not deal with convergence; if moreover
x̂(t) ! x(t) ast ! + ¥ for every (close) initial conditions,
the pre-observer is an (asymptotic)observer.

De�nition 8 The pre-observer d
dt x̂ = F(x̂;u;y) is G-

invariantif for all g; x̂;u;y,

F
�
j g(x̂);y g(u);h(j g(x);y g(u))

�
= Dj g(x̂) � F(x̂;u;y):

The property also readsddt X̂ = F(X̂;U;h(X;U)) , with
X = j g(x), U = y g(u). Assume that the output map is
G-equivariant, which is the case for the quantum mechani-
cal system considered in this paper since the outputy is a
scalar invariant. Then a suf�cient condition for the system
d
dt x̂ = F(x̂;u;y) to be a G-invariant pre-observer for the
G-invariant systemd

dt x = f (x;u) is:

F(x̂;u;y) = f (x̂;u) +
n

å
i= 1

L i
�
I (x̂;u);E(x̂;u;y)

�
wi (x̂) (A.4)

where E is an invariant output error,(x̂;u) 7! I (x̂;u) 2
Rn+ m� r is a full-rank invariant function, theL i 's are
smooth functions such that for all ˆx, L i

�
I (x̂;u);0

�
= 0, and

(w1; :::;wn) is an invariant frame. This result is a conse-
quence of the theorem 2 of [5].I is called a complete set of
scalar invariants and veri�esI (j g(x̂);y g(u)) = I (x̂;u) for
anyg 2 G.

Thus, to build a symmetry-preserving observer, one needs a)
an invariant output error b) an invariant frame c) a complete
set of scalar invariants.

B Identi�ability

In this appendix, we present the mathematical framework in
which the identi�cation problem can be considered. More-
over, we review brie�y the former work on the identi�ability
of the considered system. A well-posedness result which al-
lows us to consider the identi�cation problem in Section 5
will be announced.

The goal is to identifyH = H0 + V or/andm in system

i
d
dt

Y = ( H0 + V + u(t)m)Y ; Y jt= 0 = Y 0; kY 0kH = 1;

(B.1)
when laboratory measurements on some physical observ-
ables are provided. In [20], two different settings have been
considered in order to characterize the identi�ability of such
a system:

12



(S1) The HamiltonianH is known and the goal is to identify
the dipole momentm. The so-calledpopulationsalong
the eigenstatesf i , i.e. pi = jhf i ;Y (t)i j 2; i = 1;2; :::;N are
measured for all instantst � 0. This is performed with as
many control amplitudesu(t) as required.

(S2) Neither the potentialV nor the dipole momentm are
known and the goal is to identify them. Note that, by
identifying H we mean identifyingV, as H0 is readily
known. The eigenvalues of the HamiltonianH = H0 + V
are also assumed to be known (this assumption is relevant
in practice, see Remark 9). Here we measure the popu-
lations pi along the states of a canonical basisf eigN

i= 1 :
pi = jhei ;Y (t)i j 2; i = 1;2; :::;N for all instantst > 0 and
all control amplitudesu(t).

Remark 9 It is relevant in practice to assume that the eigen-
values of the internal Hamiltonian H= H0 + V are known.
In fact the classical spectroscopy allows for identifying the
eigenvalues of the Hamiltonian and discriminating between
two systems that do not share the same ones. In fact spec-
troscopy only gives eigenvalue differences (transition fre-
quencies), not the absolute values. The overall unknown ad-
ditive factor is not seen by the measurements and has no
impact on the identi�cation result.

In this paper, we have only considered the �rst setting. An
extension of the technique to the second setting remains to
be done in future work. However, [20] provides an identi-
�ability result for this second setting as well.

Here we announce the identi�ability result of [20] concern-
ing the �rst setting. For a result in the second setting and also
the proof of the result for the �rst setting, we refer to [20].

Theorem 10 Suppose that there exist two dipole moments
m1 and m2, giving rise to two evolving statesY 1 and Y 2
respectively solving

i
d
dt

Y 1 = ( H + u(t)m1)Y 1; (B.2)

i
d
dt

Y 2 = ( H + u(t)m2)Y 2; (B.3)

that produce identical observations for all t� 0 and all �elds
u(t):

jhY 1(t); f i i j 2 = jhY 2(t); f i i j 2 i = 1;2; :::;N: (B.4)

Then under assumptions

(A1) Equation(B.2) is wavefunction controllable [32];
(A2) The transitions of the Hamiltonian H are non-

degenerate:l i1 � l j1 6= l i2 � l j2 for (i1; j1) 6= ( i2; j2) [36];
(A3) The diagonal part of the dipole momentsm1 and m2,

when written in the eigenbasis of the Hamiltonian H, is
zero:hf j i m1 jf i i = hf j i m2 jf i i = 0; i = 1;2; :::;N;

the two dipole moments are equal within some phase factors
f a igN

i= 1 � R such that:

8i; j = 1;2; :::;N; (m1) i j = ei(a i � a j )(m2) i j : (B.5)

Fore more details and remarks concerning the assumptions
and the result of this theorem we refer to [20].
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