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Introduction

Nonlinear observers is an active field of research rooted in the
realm of dynamical systems.

Contraction theory is also an active field of research. A major
interest is that observers come for free for contracting systems.

Particle filters (PF) have been extremely successful over the past
two decades. They are rooted in statistics and signal processing.

The Rao-Blackwellized PF is the most widespread type of PF.
The state is split into two variables (x , z) and particles are used
only to estimate z , whereas for the j-th particle x̂ (j) is estimated
using typically a Kalman filter that treats ẑ(j) as a known
(deterministic) input.
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Introduction

In this talk we bridge the gap between nonlinear observers,
contraction theory, and particle filters.

We introduced particle observers, which are an observer version
of the Rao-Blackwellized particle filter (RBPF) that may be
interpreted as an actual RBPF under suitable introduction of
noises in the system.

The methodology, first introduced in1 is summarized and
illustrated by a chemical reactor.

Methodology is applied to state estimation of systems driven by
piecewise constant random inputs. This is mainly motivated by
object tracking2.

1Bonnabel and Slotine. 2017
2Godsill and Vermaak. 2005
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The method simply explained

The asymptotic observer problem: Given a dynamical system
with unknown state x(t) driven by (known) input u(t) and
observed through (measured) y(t) as follows:

d

dt
x(t) = f (x(t), u(t)), y(t) = h(x(t)),

devise another dynamical system

d

dt
x̂(t) = f̃ (x̂(t), u(t), y(t)),

s.t. x̂(t)− x(t)→ 0.

In general, a difficult problem for f , h nonlinear.
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The method simply explained

A remarkable case occurs when f (·, u(t)) may be shown to be
contracting.

A mere copy of the dynamics d
dt x̂(t) = f (x̂(t), u(t)) ensures

exponential convergence of the estimation error x̂(t)− x(t)→ 0.
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The method simply explained

Partial contraction3 occurs when the state breaks into two parts
(x , z) with dynamics

d

dt
(x , z) = f (x , z , u),

s.t. for known z(t), field f (·, z(t), u(t)) is contracting.

A mere copy of the dynamics does not work, since z(t) is
unknown and we will not have ẑ(t)− z(t)→ 0.

On the other hand if z(t) were known x(t) could be recovered
through a copy of the dynamics.

3Wang and Slotine, 2004. Jouffroy and Slotine, 2004
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The method simply explained
Main idea: inspired by the particle filter, we use a number N of
hypothesis (i.e. particles) for the z variable:

ẑ(1)(t), ẑ(2)(t), · · · , ẑ(N)(t).

Each has a different initial condition and we copy the dynamics for
each:

d

dt
(x̂ (j), ẑ(j)) = f (x̂ (j), ẑ(j), u) 1 ≤ j ≤ N

Likelihood test: Each couple (x̂ (j), ẑ(j)) is evaluated based on the
magnitude of ||y(t)− h(x̂ (j), ẑ(j))||.
Darwinian survival of the fittest4: Those achieving best
likelihood are duplicated while the others are discarded and N
remains constant (PF principle).

Noise is added in the ẑ dynamics to disperse duplicated particles.

4Kanazawa, Koller and Russell. 1995
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Example: chemical reactor

Consider a nonlinear classical continuous stirred tank exothermic
reactor with concentrations I ,M,P and temperature T :

d

dt
I =

q(t)

V
(If − I )− kde

− Ed
RT (t) I

d

dt
M =

q(t)

V
(Mf −M)− 2kpe

− Ed
RT (t)M2I

d

dt
P =

q(t)

V
(Pf − P) + kpe

− Ed
RT (t)M2I

d

dt
T = β(I ,M,P)T + d(T in − T )

and assume temperature is measured

y = T (t)

It was proved5 dynamics are contracting for known T (t).

5Lohmiller and Slotine. 1998.

8 / 15



Simulation results: Temperature estimate
We applied the methodology using noisy temperature observations
and N = 15 particles. As in the standard particle filter, our
temperature final estimate is the average

T̂ :=
1

N

N∑
j=1

T̂ (j)

9 / 15



Concentrations estimate
As in the standard particle filter, our final estimate is the average

(Î , M̂, P̂) :=
1

N

N∑
j=1

(Î (j), M̂(j), P̂(j))

It works!
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Underlying particles behavior

Trajectories of underlying N = 15 particles. We see the effect of
selecting and duplicating the fittest at discrete times.

11 / 15



Building on statistical grounds

The methodology may be viewed as an actual application of the
Rao-Blackwellized particle filter provided that:

• The state can be divided into (x , z).

• The z-dynamics are noisy (to separate duplicated particles).

• Conditionally on z the x-dynamics are a deterministic
contraction.

• The output y = h(x , z) is noisy and comes in discrete time.

This setting may look somehow artifical.

Yet it is quite relevant in the context of deterministic systems with
random piecewise constant inputs.
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A relevant application

Object tracking applications: Many marine, terrestrial, and aerial
vehicles’ trajectories typically consist of smooth (=deterministic)
sections with large, but infrequent, unpredictable changes.6

Well modeled by

d

dt
x(t) = f (x(t), uK(t))

with K (t) =
1, 2, 3 · · · a count-
ing random process
(e.g. Poisson).

Fits into the methodology as u is random (=noisy) and x is
deterministic conditional on u. Thus u,K play the role of z .

6Godsill and Vermaak. Variable rate particle filters for tracking applications.
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Object tracking

Considered system:

d

dt
x(t) = f (x(t), uK(t))

Building brick observer: assume there is an asymptotic observer
(x̂ , û) ensuring (x̂ , û)− (x , u)→ 0 for system:

d

dt
x(t) = f (x(t), u),

d

dt
u = 0

Proposed methodology: One can use particles (x̂ (j)(t), û(j))
where u jumps at random times and apply our “survival of the
fittest” technique.

Mathematical guarantees: In the paper we have proved some
(mild) theoretical indications of good behavior.
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Concluding remarks
A novel methodology bridging the gap between nonlinear
observers and particle filters was introduced.

• The method can also be applied to adaptive estimation of
deterministic systems parameterized by an unknown vector
selected from a finite set of known vectors.
• This might apply to multi-hypotheses that stem from

perceptual ambiguity in SLAM. Observers7 might be run in //.
• Another possible application is contact detection in robotics,

e.g., leg state switching8 involves unknown times of change of
a contact parameter s between stance (s=0) and swing (s=1).
• The methodology might also prove useful in the context of

differentially positive systems 9 where the state is known to
converge to a Perron-Frobenius curve: particles might allow us
to identify accurately where the state is located on the curve.

7Tan, Lohmiller, and Slotine. 2017.
8Bledt, Wensing, Ingersoll, and Kim. 2018.
9Forni and Sepulchre. 2016.
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