
On Invariant Observers

Silvère Bonnabel∗ Pierre Rouchon†

Sept 2005

Abstract

A definition of invariant observer and compatible output function is
proposed and motivated. For systems admitting a Lie symmetry-group G
of dimension less or equal to the state dimension and with a G-compatible
output, an explicit procedure based on the moving frame method is pro-
posed to construct such invariant observers. It relies on an invariant frame
and a complete set of invariant estimation errors. Two examples of en-
gineering interest are considered: an exothermic chemical reactor and an
inertial navigation problem. For both examples we show how invariance
and the proposed construction can be a useful guide to design non-linear
convergent observers, although the part of the design procedure which
achieves asymptotic stability is not systematic and must take into account
the specific nonlinearities of the case under study.

Keywords: Observers, symmetries, invariance, moving frame, chemical reac-
tor, inertial navigation.

1 Introduction

Symmetries are important in physics and mathematics, see, e.g., [13, 15]. In
control theory, they also play a fundamental role, especially in feedback design
and optimal control, see, e.g., [7, 6, 11, 9, 10, 16, 18, 14]. To our knowledge
only very few results exploiting symmetries are available for observer design.
Most of the results are based on special structure once a proper set of state
coordinates has been chosen [12, 5, 17, 19, 8]. Thus most design techniques are
not coordinates free. For mechanical system with position measures, an intrinsic
design is proposed in [3]: it relies on the metric derived from the kinetics energy;
it is invariant with respect to change of configuration coordinates. In [2, 1],
it is shown how to exploit symmetry for the design of asymptotic observer
via the notion of invariant estimation errors. The observer dynamics remains
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Paris cedex 06, FRANCE. Email: silvere.bonnabel@ensmp.fr

†Ecole des Mines de Paris, Centre Automatique et Systèmes, 60 Bd Saint-Michel, 75272
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unchanged up to any transformation of state coordinates belonging to a Lie-
group of symmetries. This paper prolonges and completes theses results and
can be seen also the counter-part on the observer side of invariant tracking [14].

For claritie’s sake, we consider here only the local and regular case. Global
and singular cases are much more difficult and require additional assumptions.
However, as shown by the analytical examples of the exothermic reactor and
inertial navigation, such local analysis are in fact sufficient to get invariant
observer and formulae that are also valid on the entire state manifold.

In section 2 we propose a natural definition of an invariant observer. In
section 3, we characterize in terms of invariant frame and invariant estimation
errors such invariant observers. In section 4, we show that the existence of
invariant observers imposes some strong property on the output map: it has
to be compatible with the group action on the state space. In section 5, we
adapt the moving frame method and propose a procedure to construct explicitly
(i.e., up to inversion of non-linear map) the general form of invariant observers.
Sections 6 and 7 are devoted to two engineering examples for which we propose
nonlinear and convergent invariant observers.

The authors thank Philippe Martin for interesting discussion and comments
relative to the inertial navigation problem.

2 Invariance

Consider the following dynamics

d

dt
x = f(x, t) (1)

where the state x lies in an open subset X of Rn and f is a smooth function
of its arguments. Let G be a r-dimensional Lie group acting locally on X : ϕg

is a diffeomorphism on X close to identity when g is close to e, the identity
element of G. We assume that the action of G is locally free: the dimension of
the orbit passing through x ∈ X , i.e., the set of all ϕg(x) for g close to e is r,
the dimension of G; for any x ∈ X and any y ∈ X close to x and belonging to
the orbit of x, exists a unique g close to e such that ϕg(x) = y and such a g
depends smoothly of y on the orbit of x. All along the paper, when we consider
g ∈ G, we always implicitly assume that g is in a small neighborhood of e.

Definition 1. Dynamics (1) is called G-invariant if for all g ∈ G, x ∈ X

f(ϕg(x), t) =
∂ϕg

∂x
(x) · f(x, t). (2)

G is thus a symmetry group: for each g ∈ G, the change of variables X =
ϕg(x) leaves the dynamics unchanged: d

dtX = f(X, t).
Let h : x 7→ y = h(x) be a regular output map from X to Y, an open subset

of Rp (p ≤ n).
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Definition 2. Take a G-invariant dynamics d
dtx = f(x, t) with a smooth output

y = h(x). The dynamical system

d

dt
x̂ = f̂(x̂, h(x), t)

is called a G-invariant observer if, and only if, for all g ∈ G and for all x and
x̂ in X we have

f̂(x, h(x), t) = f(x, t),
∂ϕg

∂x
(x̂) · f̂(x̂, h(x), t) = f̂(ϕg(x̂), h(ϕg(x)), t).

This definition means that the observer dynamics is unchanged under trans-
formations of the form X̂ = ϕg(x̂), X = ϕg(x), g being an arbitrary element of
G:

d

dt
X̂ = f̂(X̂, h(X), t)

Notice that this definition does not deal with convergence issues. We separate
intentionally invariance from convergence and robustness. We have kept the
terminology observer because, with this definition, the system trajectory t 7→
x(t) is solution of the observer dynamics: x̂(t) = x(t) when x̂(0) = x(0). Clearly
such definition must be completed by convergence and robustness properties.
Since we do not have general result relative to convergence and robustness we
will just complete the definition simply by the following one : the observer
d
dt x̂ = f̂(x̂, h(x), t) is called asymptotic if x̂(t) converges to x(t) when t tends to
+∞.

3 Characterization

Assumptions relative to the action of G on X , imply that exist n point-wise
linearly independent G-invariant vector fields w1, ...., wn, forming a frame on
X , i.e. a basis of the tangent space at x (see, theorem 2.84 of [15]).

Take an invariant observer d
dt x̂ = f̂(x̂, y, t) as described in definition 2. For

each y and t, the vector field f̂ can be decomposed according to such invariant
frame (wi)i=1,...,n:

f̂(x̂, y, t) =
n∑

i=1

Fi(x̂, y, t)wi(x̂)

where the Fi’s are smooth scalar functions of their arguments. Definition 2
means that

∀x ∈ X , f(x, t) =
n∑

i=1

Fi(x, h(x), t)wi(x)

and for any i ∈ {1, ..., n}, any g ∈ G and x, x̂ in X ,

Fi(ϕg(x̂), h(ϕg(x)), t) = Fi(x̂, h(x), t)
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Thus we have

f̂(x̂, y, t) = f(x̂, t) +
n∑

i=1

Ei(x̂, y, t)wi(x̂)

where each Ei(x̂, y, t) = Fi(x̂, y, t) − Fi(x̂, h(x̂), t) and satisfies for all x, x̂ ∈ X
and g ∈ G:

Ei(x, h(x), t) = 0, Ei(ϕg(x̂), h(ϕg(x)), t) = Ei(x̂, h(x), t).

These Ei can be interpreted thus as scalar invariant errors. This motivates the
following definition.

Definition 3. A scalar smooth function E(x̂, y, t) is called an invariant error
if, and only if, it satisfies the following equation

E(x, h(x), t) = 0, E(ϕg(x̂), h(ϕg(x)), t) = E(x̂, h(x), t).

for any g ∈ G, x, x̂ ∈ X .

We have thus the following lemma

Lemma 1. Any G-invariant observer d
dt x̂ = f̂(x̂, y, t) (see definition 2) reads:

d

dt
x̂ = f̂(x̂, y, t) = f(x̂, t) +

n∑

i=1

Ei(x̂, y, t)wi(x̂) (3)

where the Ei’s are invariant errors and (w1, ..., wn) is an invariant frame.

We will see in section 5 how to build such Ei and wi with the knowledge, in
local coordinates, of the transformation ϕg.

4 G-compatible output

The existence of G-invariant observer in the sense of definition 2 implies a com-
patibility condition on the output map y = h(x). Under rank conditions, the
action of G on state-space X can be transported via the output map h on the
output space Y in the sense of the following definition:

Definition 4. Let d
dtx = f(x, t) be a G-invariant dynamics. The smooth output

map X 3 x 7→ y = h(x) ∈ Y is said G-compatible if, and only if, for any g ∈ G,
there exists a smooth invertible transformation ρg on Y such that

∀x ∈ X , h(ϕg(x)) = %g(h(x)).

This definition implies that G acts also on the output space Y, via the
transformations %g.
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Theorem 1. Consider a G-invariant dynamics d
dtx = f(x, t) with output y =

h(x) and assume there exists a G-invariant observer d
dt x̂ = f̂(x̂, y, t) in the

sense of definition 2. Assume that the rank of the jacobian ∂f(x̂, y, t)/∂y is
maximum and equal to the dimension of y. Then, necessarily, the output map
is G-compatible in the sense of definition 4.

Proof. By lemma 1, we have

f̂(x̂, y, t) = f(x̂, t) +
n∑

i=1

Ei(x̂, y, t)wi(x̂)

where the Ei are invariant errors and wi invariant vector fields. Since the rank
of ∂f̂

∂y is equal to p = dim(y), there exist p invariant errors, E = (Ei1 , ..., Eip),
1 ≤ i1 < i2... < ip ≤ n such that the Jacobian ∂E

∂y is invertible. Denote by
F the inverse map versus y (locally defined by the implicit function theorem),
then we have

F (x̂, E(x̂, y, t), t) ≡ y.

Moreover we have, for all x̂, x ∈ X and g ∈ G,

E(ϕg(x̂), h(ϕg(x)), t) = E(x̂, h(x), t).

Thus
h(ϕg(x), t) = F (ϕg(x̂), E(x̂, h(x), t), t).

Let us fix x̂ and t to some nominal values, said x̄ and t̄. The above identity
means that for any g ∈ G, exists ρg (depending also on x̄ and t̄, but these
dependencies are omitted here) a map from Y to Y such that, for all x ∈ X ,

h(ϕg(x), t) = ρg(h(x)).

Thus the output map is G-compatible and ρg is a transformation on Y with
inverse ρg−1 .

5 Construction

The above discussion and results justify the following question. Assume that we
have explicitly the action of G on the state space X with a G-compatible output
map y = h(x). This means that we have at our disposal r scalar parameters
a = (a1, ..., ar) corresponding to a particular parametrization of G, n smooth
scalar functions ϕ = (ϕ1, ..., ϕn) of a and x = (x1, ..., xn) corresponding to the
action of G in local coordinates on X ,

Xi = ϕi(a, x), i = 1, ..., n

We have also p output scalar maps of x, h = (h1, ..., hp), and p scalar functions
of a and y, % = (%1, ..., %p), corresponding to action of G on the output-space Y
such that for any group parameter a and state x

h(ϕ(a, x)) = %(a, h(x)).
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These transformations ϕ and % are derived in general from obvious and physical
symmetries.

According to lemma 1, invariant observers are built with invariant errors Ei

and invariant frame (w1, ..., wn). More precisely, we will see that, under stan-
dard regularity conditions, we have an explicit parametrization of such invariant
observers based on a complete set (E1, ..., Ep) of invariant errors.

Let us first explain how to build an invariant frame from the knowledge of
ϕ. This construction is standard (see [15]) and as follows. Since the orbits are
of dimension r, the dimension of G, we can decompose the components of ϕ
into two sets: ϕ = (ϕ̄, ϕ̃) with dim(ϕ̄) = r and dim(ϕ̃) = n − r ≥ 0, such that
for each x, the map a 7→ ϕ̄(a, x) is invertible. This decomposition x = (x̄, x̃)
is clearly not unique. Take a normalization of the first set of components, x̄,
denoted by x̄0. We can solve ϕ̄(a, x) = x̄0 versus a to obtain a = α(x̄0, x) where
α is a smooth function. Thus α is characterized by the identity:

ϕ̄(α(x̄0, x), x) ≡ x̄0.

Consider the canonical frame ( ∂
∂x1

, ..., ∂
∂xn

). For each i ∈ {1, ..., n} and x, set

wi(x) =
(

∂ϕ

∂x
(α(x̄0, x), x)

)−1

· ∂

∂xi
|ϕ(α(x̄0,x),x).

Then wi is invariant because for any group parameter b and x we have

• wi(ϕ(b, x)) =
(

∂ϕ
∂x (α(x̄0, ϕ(b, x)), ϕ(b, x))

)−1

· ∂
∂xi

and thus

(
∂ϕ

∂x
(b, x)

)−1

·wi(ϕ(b, x)) =
(

∂ϕ

∂x
(α(x̄0, ϕ(b, x)), ϕ(b, x))

∂ϕ

∂x
(b, x)

)−1

· ∂

∂xi

• the group structure implies that, for any group parameters c, d, we have
ϕ(d, ϕ(c, x)) = ϕ(d · c, x); thus

ϕ(α(x̄0, ϕ(b, x)), ϕ(b, x)) = ϕ(α(x̄0, ϕ(b, x)) · b, x)

and also

∂ϕ

∂x
(α(x̄0, ϕ(b, x)), ϕ(b, x))

∂ϕ

∂x
(b, x) =

∂ϕ

∂x
(α(x̄0, ϕ(b, x)) · b, x);

where · corresponds to the composition law on G.

• since α(x̄0, ϕ(b, x)) · b = α(x̄0, x), we have thus

(
∂ϕ

∂x
(b, x)

)−1

· wi(ϕ(b, x)) =
(

∂ϕ

∂x
(α(x̄0, x), x)

)−1

· ∂

∂xi
= wi(x).
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The computation of a complete set of invariants Ei is obtained via similar
manipulations based on the normalization function α. We recall here the pro-
cedure presented in [2] based on the moving frame method (see also [14] for
closely related computations of invariant tracking errors). We consider here the
action of G on the product space X × Y defined by

X × Y 3 (x̂, y) 7→ (ϕ(a, x̂), %(a, y)) ∈ X × Y.

Consider once again the normalization function α(x̄0, x̂). Then each component
of ϕ̃(α(x̄0, x̂), x̂) and of %(α(x̄0, x̂), y) are invariant scalar function of (x̂, y).
Moreover, they form a complete set of invariant relative to the action of G on
X ×Y: this means that any invariant function I of x̂ and y is a function of these
p + n− r fundamental invariants. Thus every invariant errors Ei(x̂, y, t) admits
the following expression:

Ei(x̂, y, t) = Fi(ϕ̃(α(x̄0, x̂), x̂), %(α(x̄0, x̂), y), t)

where Fi is a smooth function of its arguments. To be a little more explicit,
denote by I1(x̂), ..., In−r(x̂) the components of ϕ̃(α(x̄0, x̂), x̂) and by ε1(x̂, y), ...,
εp(x̂, y) the components of %(α(x̄0, x̂), y)−%(α(x̄0, x̂), h(x̂)). Then the invariant
errors Ei have the form

Ei(x̂, y, t) = Ei(I, ε, t)

where Ei is a smooth function of its arguments I, ε and t, with Ei(I, 0, t) ≡ 0.

6 An exothermic reactor

Let us consider the classical exothermic reactor of [4]. With slightly different
notations, the dynamics reads

d

dt
X = D(t)(Xin −X)− k exp

(
− E

RT

)
X

d

dt
T = D(t)(T in(t)− T ) + c exp

(
− E

RT

)
X + u(t)

where (E, R, k, c) are positive and known constant parameters, D(t), T in(t) and
u(t) are known time functions. The parameter Xin > 0, the inlet composition is
unknown. The available online measure is T , the temperature inside the reactor.
The reactor composition X is not measured.

These two differential equations correspond to material and energy balances.
Their structure is independent of the units. Let us formalize such independence
in terms of invariance. We just consider change of material unit corresponding
to the following scaling X 7→ aX and Xin 7→ aXin with a > 0. The group
G will be the multiplicative group R∗+.Take x = (Xin, X, T, c) as state and the
action of G is defined for each a > 0 via the transformation



Xin

X
T
c


 7→ ϕ(a, x) =




aXin

aX
T

c/a


 .
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Then the dynamics

d

dt
Xin = 0

d

dt
X = D(t)(Xin −X)− k exp

(
− E

RT

)
X

d

dt
T = D(t)(T in(t)− T ) + c exp

(
− E

RT

)
X + u(t)

d

dt
c = 0

is invariant and y = (T, c) is a G-compatible output. Notice that we have added
to the original state (X, T ), the inlet composition Xin and the parameter c.
Since c it is known, it has been added to the output function.

An obvious invariant frame is (Xin ∂
∂Xin , X ∂

∂X , ∂
∂T , c ∂

∂c ). Invariant errors
are built with the following complete set of invariants

X̂

X̂in
, T̂ , ĉX̂, T̂ − T, (ĉ− c)X̂in.

Since c is known (ĉ = c), we do not care for the estimation of c and we thus
consider invariant observers for (Xin, X, T ). Xin and X must be estimated
since they are unknown. Since Xin can only be constructed as an integral of
the estimation error T̂ − T , T̂ must be calculated anyway although measured.
Moreover the temperature measure can be noisy and thus noiseless estimation
T̂ of T could be useful for feedback.

According to lemma 1, invariant observers have the following form

d

dt
X̂in = A

(
X̂

X̂in
, cX̂, T̂ , T̂ − T

)
X̂in

d

dt
X̂ = D(t)(X̂in − X̂)− k exp

(
− E

RT̂

)
X̂ + B

(
X̂

X̂in
, cX̂, T̂ , T̂ − T

)
X̂

d

dt
T̂ = D(t)(T in(t)− T̂ ) + c exp

(
− E

RT̂

)
X̂ + u(t)

+ C

(
X̂

X̂in
, cX̂, T̂ , T̂ − T

)

where A, B and C are smooth functions such that

A

(
X̂

X̂in
, cX̂, T̂ , 0

)
= B

(
X̂

X̂in
, cX̂, T̂ , 0

)
= C

(
X̂

X̂in
, cX̂, T̂ , 0

)
= 0.

Such observers preserve the fact that X̂ and X̂in are positive quantities.
Although we have no general method for choosing A, B and C to ensure

convergence, we propose here a stabilizing design.
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First, up to a change of A, B and C, we can replace the Arrhenius term
exp

(
− E

RT̂

)
by exp

(
− E

RT (t)

)
where T (t) is the measure (kind of output injec-

tion). Thus the invariant observer reads (without changing the notations for A,
B and C):

d

dt
X̂in = A

(
X̂

X̂in
, cX̂, T̂ , T̂ − T

)
X̂in

d

dt
X̂ = D(t)(X̂in − X̂)− k exp

(
− E

RT (t)

)
X̂ + B

(
X̂

X̂in
, cX̂, T̂ , T̂ − T

)
X̂

d

dt
T̂ = D(t)(T in(t)− T (t)) + c exp

(
− E

RT (t)

)
X̂ + u(t)

+ C

(
X̂

X̂in
, cX̂, T̂ , T̂ − T

)
.

Let us choose

A = B = −βcX̂ exp
(
− E

RT (t)

)
(T̂ − T (t))

and

C = −γcX̂ exp
(
− E

RT (t)

)
(T̂ − T (t))

with β and γ strictly positive design parameters. Take the variables ξ̂ =
log(X̂/X̂in) and Ẑ = log(X̂) instead of X̂in and X̂, since we have homoge-
neous equations in X̂in and X̂. Then we have the following triangular structure

d

dt
ξ̂ = D(t) exp(−ξ̂)−D(t)− k exp

(
− E

RT (t)

)

d

dt
Ẑ = D(t) exp(−ξ̂)− βc exp Ẑ exp

(
− E

RT (t)

)
(T̂ − T (t))

−D(t)− k exp
(
− E

RT (t)

)

d

dt
T̂ = D(t)(T in(t)− T (t)) + c exp

(
− E

RT (t)

)
exp Ẑ (1− γ(T̂ − T (t))) + u(t).
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Take Z̃ = Ẑ − log(X(t)) and T̃ = T̂ − T (t) instead of Ẑ and T̂ . We get

d

dt
ξ̂ = D(t) exp(−ξ̂)−D(t)− k exp

(
− E

RT (t)

)

d

dt
Z̃ = D(t)(exp(−ξ̂)− exp(−ξ(t)))− βc exp

(
− E

RT (t)
+ Z(t)

)
exp Z̃ T̃

d

dt
T̃ = c exp

(
− E

RT (t)
+ Z(t)

)
(exp Z̃ − 1)

− γc exp
(
− E

RT (t)
+ Z(t)

)
exp Z̃ T̃

where ξ = log(X/Xin) and Z = log X. Assume that exist M and η > 0 such
that for all t ≥ 0, M ≥ Xin, D(t), X(t), T (t) ≥ η . Then (ξ̂, Z̃, T̃ ) remain
bounded for all t ≥ 0 and limt 7→+∞(ξ̂(t) − ξ(t)) = 0. It is thus enough to
analyze the convergence to 0 of the following reduced system in (Z̃, T̃ ):

d

dt
Z̃ = −βc exp

(
− E

RT (t)
+ Z(t)

)
exp Z̃ T̃

d

dt
T̃ = c exp

(
− E

RT (t)
+ Z(t)

)
(exp Z̃ − 1)

− γc exp
(
− E

RT (t)
+ Z(t)

)
exp Z̃ T̃ .

Consider the regular change of time scale τ =
∫ t

0
c exp

(
− E

RT (s) + Z(s)
)

ds.
Then:

dZ̃

dτ
= −β exp Z̃ T̃

dT̃

dτ
= (exp Z̃ − 1)− γ exp Z̃ T̃

This system admits Z̃ + exp(−Z̃) + β
2 T̃ 2 as Lyapounov function. A standard

application of Lasalle invariance principle shows that 0 is globally asymptotically
stable.

Guided by invariance considerations, we have obtained the following globally
converging non-linear observer:

d

dt
X̂in = −β exp

(
− E

RT (t)

)
(T̂ − T (t)) cX̂ X̂in

d

dt
X̂ = D(t)(X̂in − X̂)− exp

(
− E

RT (t)

) (
k + β(T̂ − T (t))cX̂

)
X̂

d

dt
T̂ = exp

(
− E

RT (t)

) (
1− γ(T̂ − T (t))

)
cX̂ + D(t)(T in(t)− T (t)) + u(t)

where the design parameters β and γ have to be chosen strictly positive.

10



7 Inertial navigation

Consider a flying body carrying an Inertial Measurement Unit which measures
the earth magnetic field (denoted ~B in the earth frame) and the instantaneous
rotation vector ~ω. Let ~b denote the magnetic field in the body frame (measured
by the IMU). Let R ∈ SO(3) denote the rotation matrix which maps the mobile
body frame to the earth frame. The kinematic relations between R and ~ω reads,

d

dt
R~a = R(~ω(t) ∧ ~a)

for any vector ~a. Omitting ~a, we have the following dynamics for R in SO(3):

d

dt
R = R(~ω(t) ∧ ·) (4)

with output

y = ~b = R−1 ~B (5)

If the earth frame rotates via g ∈ SO(3), then R becomes gR, ~B becomes g ~B
and the above equations remain unchanged. This means that the dynamics

d

dt
R = R(~ω(t) ∧ ·), d

dt
~B = 0

is invariant under the action of the group G = SO(3) via left multiplication:

ϕg(R, ~B) = (gR, g ~B), g ∈ SO(3)

and the output map y = R−1 ~B is clearly G-compatible since invariant (%g = Id).
Let ~e1,~e2,~e3 be a basis of R3. Then, an invariant frame on SO(3), the state-

space for R, is as follows:

SO(3) 3 R 7→ wi(R) = R(~ei ∧ ·) i = 1, 2, 3

Notice that wi(R) belongs to the tangent space at R.
Since each component of ~b = R−1 ~B is invariant, they form a complete set of

scalar invariants relative to the action of G = SO(3) on SO(3)× R3, the space
of (R, ~B). Every invariant observer reads

d

dt
R̂ = R̂(~ω(t) ∧ ·) +

3∑

i=1

Ei

(
R̂−1 ~B, R̂−1 ~B −~b

)
R̂(~ei ∧ ·) (6)

where the scalar functions Ei are such that Ei(R̂−1 ~B, 0) ≡ 0.
We can adjust the function Ei in order to have the convergence of the es-

timation error R̂−1 ~B − R−1 ~B to 0 when t tends to +∞. Assume that the Ei

correspond to the coordinates of the vector ~b ∧ (̂R−1 ~B). More precisely we set

3∑

i=1

Ei~ei = K~b ∧ (R̂−1 ~B)

11



where K > 0 is some design parameter. Then we get the following invariant
observer

d

dt
R̂ = R̂ ([~ω(t) + K~e] ∧ ·)

with ~e = ~b(t) ∧ (R̂−1 ~B). Standard computations (using R−1 = RT ) show that

d

dt
(R̂−1 ~B −~b) = −~ω ∧ (R̂−1 ~B −~b)−K~e ∧ (R̂−1 ~B)

and

1
2

d

dt

∥∥∥R̂−1 ~B −~b
∥∥∥

2

= −K‖~e‖2

Thus ~e tends to zeros when t tends to +∞. This implies that ~b and R̂−1 ~B
tend to be co-linear. Since their modules are equal, this means the convergence
of the estimated output to the measured output (a direct analysis shows that
the situation when ~b = −R̂−1 ~B is unstable and thus will not be obtained in
practice).

The convergence of R̂ to R is only partial since, if t 7→ R̂(t) is solution of
the invariant observer (6), then t 7→ OθR̂(t) is also solution of (6) where Oθ is
the rotation around ~B by an arbitrary angle θ. In a certain sense, we cannot
improve the convergence since with the output ~b = R−1 ~B, the dynamics on R
is not observable: the trajectories t 7→ R(t) and t 7→ OθR(t) lead to exactly the
same output trajectory t 7→ ~b(t).

8 Conclusion

We have proposed a systematic method to design observers preserving the sym-
metries of the original system. We do not have, up to now, a similar systematic
procedure to tackle convergence. Nevertheless, the two previous examples in-
dicate that invariance could be a useful guide for the design of convergente
non-linear observers.
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