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Invariant Particle Filtering with application to localization
Axel Barrau and Silvère Bonnabel

Abstract— The recently introduced Invariant Extended
Kalman Filter (IEKF) is an extended Kalman filter designed
for systems admitting symmetries, that possesses interesting
convergence properties, and a relative independence of the
filter behavior with respect to the system’s trajectory. In the
present paper, the ideas are extended to a broad class of
systems introducing the notion of “conditional invariance”,
that is, invariance properties of the system once some of
the state variables are known. We exploit this structure by
devising an Invariant Rao-Blackwellized Particle Filter: those
state variables are sampled, and the rest are marginalized out
using IEKFs. The striking property of the obtained particle
filter is that the Kalman gains are identical for all particles,
leading to a drastic reduction of the computational burden. The
strong potential of the method is illustrated by the challenging
and realistic problem of localization from noisy inertial sensors
and a noisy GPS having a randomly jumping bias.

I. I NTRODUCTION
The estimation of the state of a physical dynamical system
using partial and noisy information plays a crucial role in
a wide range of scientific fields such as mobile robotics,
aeronautics, meteorology or hydrology. A popular approach,
referred to as “filtering”, consists of modeling the state
evolution as a stochastic dynamical system and recursively
compute its conditional probability density given a sequence
of probabilistic measurements [11], [17]. The filtering problem is solved in closed form only in the particular case
of linear Gaussian systems [20] by the well-known Kalman
filter.
When the system is non-linear, there is no general method
to solve the filtering problem, and the Kalman approach
has given rise to multiple approximative methods where the
system is linearized, and the state conditioned on the past
inputs and outputs is approximated by a Gaussian, the mean
yielding a relevant estimate of the system’s true state, and
the covariance matrix indicating the extent of uncertainty
in the estimate. This is the rationale of the celebrated Extended Kalman Filter (EKF) and more recently the Unscented
Kalman Filter (UKF) [19], where a deterministic sampling is
meant to capture more precisely the second-order moments
of the involved distributions.
Another wholly different route to attack non-linearities,
that has gained immense popularity over the last twenty
years, is to use sampling-based algorithms to numerically
approximate the conditional distribution of the system’s state.
Notably, particle filters randomly sample a set of weighted
particles supposed to accurately represent the desired density
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[16], [14]. Such methods are more flexible than Kalman
filtering approaches as they allow to handle highly non Gaussian noise (as it is able to track multimodal distributions),
or to incorporate negative information. This flexibility has
been the key to their recent success for the simultaneous
localization and mapping problem (SLAM) in robotics [24].
However, they come at the price of maintaining permanently
a large number of particles in order to obtain a reasonable
approximation of the true density. In particular, too a sparse
sampling compared to the dimensionality of the problem
leads to a type of degeneracy: no particle matches the
data, even approximately, and the weights vanish. Several
solutions have been proposed to tackle this issue, the two
main ideas being to use the observations to smartly propagate
the particles [25], and to sample only a reduced set of
relevant variables, and use a classical filtering method, such
as Kalman filtering, for each particle to marginalize out
the remaining variables. The latter is known as the RaoBlackwellized Particle Filter [15].
The present paper focuses on systems possessing a particular structure that can be related to the mathematical notion
on symmetry. Indeed, for systems possessing symmetries, in
a deterministic setting, the theory of symmetry-preserving
observers [8] has recently introduced a class of observers
such that the error between the estimated state and the true
state follows an equation that depends on the trajectory only
through a reduced number of variables. In the fully invariant
case, i.e., the case of a left-invariant dynamics on a Lie group
with a right-equivariant output, the error equation has been
proved to be totally autonomous [5]. Several works have
independently built upon this property to devise observers
having strong convergence properties, see e.g., [7], [21], [26].
They are part of a more general effort to design observers
specifically adapted to Lie groups [27] or more specifically
rigid body movements [10], [22].
In the fully invariant case, and in a stochastic setting where
the noise is explicitly accounted for, the Invariant Extended
Kalman Filter, an EKF-like method with remarkable properties, has been introduced in continuous time in [4], [9], and
in discrete time in [3], [2] where its properties are analyzed
and related to the theory of Harris chains. Unfortunately, leftinvariance with right-equivariant output is a strong structure
that is reserved to a limited class of systems. In this paper, we
show how IEKFs can be a applied to a much broader class
of systems using approximate Rao-Blackwellized particle
filters.
The organization and the contributions of the present
paper are as follows. In Section II, we show that that the
independence of the estimation error equation on the state is
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not reserved to left-invariant systems on Lie groups. Indeed,
we characterize a class of (not necessarily invariant) systems
on Lie groups for which the estimation error equation does
not depend on the followed trajectory but only on the
system’s inputs, leading to Kalman gains being independent
of the trajectory and convergent as soon as the inputs are
maintained constant. This is a novel result in itself extending
the scope of invariant (Kalman) filtering. Then, in Section
III, we combine this generalized invariant filtering theory
to particle filters to extend its domain of application to a
broad class of systems. Indeed, we introduce the notion of
“conditional invariance”, which essentially refers to invariance properties of a system conditioned on the fact that
some state variables are known. We show how to exploit
this structure by devising a particle filtering technique based
on the Rao-Blackwellized Particle Filter, where those state
variables are sampled, and the rest are marginalized out
using IEKFs. The striking property of the obtained particle
filter is that, as each particle is attached to an invariant
system, the Kalman gains are identical for all particles,
leading to a drastic reduction of the computational burden.
Finally, in Section IV, an application of practical interest is
considered: an Unmanned Aerial Vehicle (UAV) equipped
with gyroscopes and accelerometers, and a GPS undergoing
a non-Gaussian time-correlated noise modeled as the sum
of a bias subject to random discrete jumps and a Gaussian
residual error. The goal is to filter the noise out and recover
the true state despite the jumping bias. The problem is of
engineering interest, very challenging, and the model rather
realistic. The proposed invariant particle filtering technique is
shown to allow to correctly and efficiently estimate the true
trajectory with only 100 particles, and to possess a much
reduced computational complexity than any conventional
approximate Rao-Blackwellized Particle Filter devised for
this problem, due to the properties of the Invariant Kalman
gains. The example is a contribution on itself and can be
read (almost) independently.
II. I NVARIANT FILTERING

form of updates that possess striking properties. Consider
the “invariant” update:
χ̂t+n = χ̂tn φ [Kn (χ̂t−1
Ytn − d)]
n

Kn has merely be replaced by Kn χ̂tn but the essential interest
lies in the following result. Define the error variable ηt as:
ηt = χt−1 χ̂t
The evolution of this variable during the update reads:
ηt+n = χt−1
χ̂tn φ [Kn (χ̂t−1
χtn · d − d)] = ηtn φ [Kn (ηt−1
· d − d)]
n
n
n
(7)
The equation is state independent: it does not depend on
the current estimation χ̂t , a property usually reserved to the
linear case.
B. State independent error equations
One can wonder in which cases the error equation is
totally independent of the state’s trajectory (including the
propagation step, as in the linear case). This problem is
solved by the following novel result:
Theorem 1: The evolution of the invariant error variable
ηt = χt−1 χ̂t is state trajectory independent, i.e. verifies an
equation of the form dtd ηt = gut (ηt ), under the following
necessary and sufficient condition:
∀a, b ∈ G, fut (ab) = fut (a)b + a fut (b) − a fut (Id )b.
Moreover gut (η) = fut (η) − fut (Id )η.
Proof: The condition reads dtd ηt = gut (ηt ) for a certain
function gut . Thus we have:
gut (χt−1 χ̂t ) =

d
ηt
dt

d
d
χt ]χt−1 χ̂t + χt−1 χ̂t
dt
dt
= −χt−1 fut (χt )ηt + χt−1 fut (χ̂t )
= −χt−1 [

gut (ηt ) = −χt−1 fut (χt )ηt + χt−1 fut (χt ηt )

We consider a class of filtering problems of the form:

gut (ηt ) = fut (ηt ) − fut (Id )ηt
(1)

(8)

fut (χt ηt ) = fut (χt )ηt + χt fut (ηt ) − χt fut (Id )ηt
The converse is trivial.
Remark 1: The particular cases of left-invariant and rightinvariant dynamics, or their combinations, verify the hypothesis of Theorem 1. Let fut (χ) = vt χ + χωt . We have indeed
fut (a)b + a fut (b) − a fut (Id )b =(vt a + aωt )b + a(vt b + bωt )

(3)
(4)

where φ : g → G is a retraction, i.e. a first-order approximation of the group exponential map [1]. The theory of invariant
observers [6], [5] has brought to bear a slightly different

(9)

Reinjecting (9) in (8) we obtain:

(2)

where the state χ is an element of a matrix Lie group G
whose Lie algebra is noted g and has dimension Ng , ut is
an input variable, d an element of the output space Y =
R p and the symbol · an action of G on Y . The classical
multiplicative Kalman [12] filter reads:
d
χ̂t = fut (χ̂t )
dt
χ̂t+n = χ̂tn φ [Kn (Ytn − χ̂tn · d)]

(6)

This has to hold for any χt and ηt . In the particular case
where χt = Id we obtain:

A. Invariant update
d
χt = fut (χt )
dt
Ytn = χtn · d

(5)

− a(vt + ωt )b
=ut ab + abωt = fut (ab)
Remark 2: In the particular case where G is a vector
space the condition of theorem 1 reads fut (a + b) = fut (a) +
fut (b) − fut (0) and we recover the affine functions.
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C. Invariant extended Kalman filtering
d
Θt = ϕ(Θt , νt )
dt
d
χt = fut (Θ, χ) + χt wt
dt
Ytn = ψΘ (χtn · d +Vn )

Assume the assumption of Theorem 1 is verified and
introduce a noise in the process and the observation:
d
χt = fut (χt ) + χt wt
dt
Ytn = χtn · d +Vn

(10)
(11)

where wt is a continuous white noise and Vn a discrete
Gaussian noise. Vn only is assumed isotropic (under the
action of G). The invariant Kalman filter is defined by the
formulas:
d
χ̂t = fut (χ̂t )
dt
χ̂t+n = χ̂tn φ [Kn (χ̂t−1
Ytn − d)]
n

(12)
(13)

The associated invariant error equation reads:
d
ηt = fut (ηt ) − fut (Id )ηt − wt ηt
dt
ηt+n = ηtn φ [Kn (ηt−1
· d − d +Vn )]
n

(14)
(15)

where we have used the isotropy of Vn . The first-order
optimal gains Kn can now be computed using a linearization of this error equation. Letting Ft = ∂∂ξ [ fut (0, φ (ξ )) −
fut (0, Id )φ (ξ )] and H = ∂∂ξ [φ (ξ ) · d] the linearized system
reads:
d
ξt = Ft ξt + wt
dt
ξt+
= ξtn − Kn (Hξtn −Vn )
n

(17)
(18)
(19)

where wt is a Langevin noise, νt a Levy process, ψΘ : Y →
Y is invertible for any Θ and f· (·, ·) verifies:
∀u, Θ, η, fu (Θ, η) − fu (Θ, Id )η = fu (0, η) − fu (0, Id )η (20)
The additional parameter Θ can affect the observation as in
the example of Section IV and/or the dynamics. An example
of the latter case is given by the attitude χt (here a rotation
matrix) of a body endowed with a gyroscope undergoing the
combination of a bias Θ and an isotropic white noise, the
stochastic evolution of the bias being possibly complicated.
B. Invariant Extended Kalman Filters running in parallel
The way we can take advantage of the property introduced
in section III-A is illustrated by the situation where we
consider two distinct trajectories (Θt1 )t≥0 and (Θt2 )t≥0 of (17)
and let two Invariant Extended Kalman Filters run in parallel
to filter the subsystem (18)-(19) where Θ is considered as an
input.
Proposition 1: Let (Θt1 )t≥0 and (Θt2 )t≥0 be two solutions
of (17). The equations (18)-(19) define then two different
systems, one associated to Θt1 and the other to Θt2 . If these
systems are filtered by two IEKF’s (χ̂ti )i=1,2 of the form:
d i
χ̂ = fut (Θti , χ̂ti )
dt t
χ̂ti+
= χ̂tin φ (Kni [(χ̂ti )−1 ψΘ−1i (Yn ) − d])
n

and the Kalman (Riccati) equation for the covariance matrix
Pt = E(ξt ξtT ) of the linearized error read:

(21)
(22)

t

d
Pt = Ft Pt + Pt FtT + Q
dt
Sn = HPtn H T + r2 I p

(16)

Kn = Ptn H T Sn−1

then the Kalman gains Kni are identical for both systems.
Proof: It suffices to write the error equation associated
to (21)-(22) and use (20) to obtain:
d i
η = fut (0, ηti ) − fut (0, Id )ηti − wt ηti
dt t
= ηtin φ [Kn ((ηtin )−1 · d − d +Vn )]
ηti+
n

Pt+
= (INg − Kn H)Ptn
n
III. I NVARIANT PARTICLE F ILTERING
In most filtering problems, either the assumptions of Theorem 1 are not verified or the observation cannot be defined
as a group action. But a weaker property often holds: once a
certain set of variables Θ is known the remaining marginal
system has the desired properties and can be handled through
Invariant Extended Kalman Filtering. If the associated gains
are the same for any value of Θ the qualitative idea of
Invariant Particle Filtering is simply to exploit this property
to compute them once, and run several filters in parallel for
free.
A. Conditional invariance
Assume the considered system can be divided into a set
of variables gathered in a vector Θt , and an element χt of a
matrix Lie group G, such (Θ, χt ) verifies an equation of the
form:

(23)
(24)

which is independent of Θti . The linearization can be performed writing ηti = φ (ξ i ) ≈ Id + Dφ (ξti ).
C. Invariant Particle Filtering algorithm
Inspired by the Rao-Blackwellized particle Filter, the
Invariant Particle Filter consists of fully exploiting the conditional invariance property in the following way. The state being partitioned into (Θt , χt ), the variable Θt can be sampled
using particles (Θtj )1≤ j≤Np , each particle having a weight w j
reflecting its likelihood assigned to it. There are numerous
sampling methods that we will not detail here. Each time a
new observation Yn is available, the weight is updated and a
resampling step may take place. The distribution of the state
conditioned on the past outputs can then merely be factored
using the chain rule as follows:
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P(χt , Θt |Y1 , ...,Yn ) = P(Θt |Y1 , ...,Yn )P(χt |Θt ,Y1 , ...,Yn )

This distribution can be approximated combining particle filters and IEKFs to approximate P(Θt |Y1 , ...,Yn ) and
P(χt |Θt ,Y1 , ...,Yn ) in the following way:
• P(Θt |Y1 , ...,Yn ) is computed using a particle filter, that
Np
is, is approximated by the distribution ∑ j=1
w j δΘ j (Θ)
j
• P(χt |Θt ,Y1 , ...,Yn ) is approximated by a normal law
with mean and covariance output by an IEKF.
Using Proposition 1 we see that as soon as the system
satisfies the conditional invariance property, the Kalman
gains and covariances are identical for all particles, leading
to a much decreased numerical complexity.
IV. A PPLICATION
The method described above will now be used to integrate
an advanced non-Gaussian and non-white GPS noise model
into a localization algorithm. The problem of inertia/GPS
fusion has been addressed using several kinds of Kalman
filters [18], [23], [13], but most of them rely on Gaussian
approximations. In [23] for instance, the GPS error is a
Gaussian white noise, in [13] it is modeled as the sum of a
bias following a small random walk and a white noise. Here,
the GPS estimates are assumed to be polluted not only by
white noise, but also by an offset that abruptly jumps at
unknown times. Such a model reflects the realistic effects
of highly correlated noises in GPS and the way we propose
to handle it opens the door to the efficient integration of an
even more sophisticated noise model.
A. Model
The inertial sensors delivering estimates at high rate, and
the GPS at a much lower rate, we opt for the following
continuous-time model with discrete observations, based on
the equations of a rigid body moving on a flat earth:
d
Rt = Rt (ωt + wtω )×
dt
d
vt = Rt (at + wta ) + g
dt
d
xt = vt
dt
Ytn =xtn + btn +Vn

(25)

observations (pJ is constant here because we assume the GPS
information arrives at a constant rate but all the computations
hold if pJ is a function of (tn − tn−1 )).
Remark 3: The isotropic GPS noise assumption is not
really restrictive as the method still works if the noise Vn
is isotropic in the horizontal directions x, y only, and larger
along axis z. This hypothesis is classical in GPS models.
B. Reformulation in a Lie group formalism
First we introduce the
geneous matrices:

R
u1
G = {01×3 1
01×3 0
and its Lie algebra:

(ζ )×
g = { 01×3
01×3

(28)

where for u ∈ R3 , (u)× is the skew-symmetric matrix such
that ∀z ∈ R3 , (u)× z = u × z, Rt encodes the orientation of
the body, vt its velocity, xt its position, bt is the (jumping)
GPS bias, Ytn the GPS measurement, ωt ∈ R3 the gyroscope measurement, at ∈ R3 the accelerometer measurement,
wtω the gyroscope noise, wta the accelerometer noise (the
covariance matrix of the concatenated noise (wtω , wta ) will
be denoted by Q), and Vn the GPS noise, assumed to be
isotropic (see Remark 3) with variance r2 Id . The bias bt is
modeled as follows: there exist a sequence of times (τk )k>0
independent of other variables and unknown to the user such
that bt is constant on [τk , τk+1 [ and bτk is a centered Gaussian
variable with variance σb2 Id , independent of the past. The
time elapsed between τk and τk+1 follows an exponential law
with known intensity, and we let pJ denote the probability of
the bias to have jumped at leas once between two consecutive


u2
0  , R ∈ SO(3), u1 , u2 ∈ R3 }
1
u1
1
0


u2
0  , ξ , u 1 , u 2 ∈ R3 }
1

The following linear mapping will be useful in the following:
  

(ζ )× u1 u2
ζ
0 0
L u1  =  01,3
01,3
0 0
u2
The variables are gathered in a double homogeneous matrix:


 ω

Rt vt xt
wt wta 03,1
0
0 ,
χt =  0 1 0  , wt =  0
0 0 1
0
0
0
 
0
 
0
Bn
,
V
=
d=
n
0
0
1
The equations become:
d
χt = fut (χt ) + χt wt
dt
Ytn = χtn d + btn +Vn

(26)
(27)

matrix Lie group of double homo-

where ut = (ωt , at ) and fut is

R
∀R ∈ SO(3), v, x ∈ R3 , fut  0
0

defined by:
 
v x
Rωt
1 0 =  0
0 1
0

(29)
(30)

Rat + g
0
0


v
0
0

Besides, we have here ψb (u) = b + u. Elementary computations show fut verifies the assumption of Theorem 1:
∀a, b ∈ G, fut (ab) = fut (a)b + a fut (b).
C. IEKF for known biases
In this preliminary subsection we assume the bias sequence b̃n = bt1 , ..., btn to be known. In this case the biases
can be removed from the sequence of GPS measurements
Ỹn = Yt1 , ...,Ytn and the obtained system has the form (1)-(2).
It can thus be filtered using an IEKF: the mean estimate
follows then equations (3) and (5) with φ = exp ◦L . Letting
as before the error be ηt = χt−1 χ̂t we have
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d
ηt = gut (ηt , ωt , at ) = fut (ηt ) − fut (I5 )ηt
dt

To compute the Kalman gains Kn ’s we use the error covariance matrix equation (16), where Ft and H are obtained
letting ηt = I5 + L (εt ) with εt ∈ R9 , and using a first order
Taylor expansion of fut (ηt ) − fut (I5 )ηt , yielding:




−(ωt )×
03×3
03×3
03×3
03×3  , H = 03×3  .
Ft =  −(at )× −(ωt )×
03×3
I3
−(ωt )×
I3

The detailed particle filter is described by Algorithm 1 and
the various derivations leading to it are described in the
following subsection.
E. Main formulas derivation
To
1)
2)
3)

For χt close to χ̂t the Gaussian error approximation reads:
P(φ −1 (χt−1
χ̂tn ) = ξ |b̃n , Ỹn ) ≈ N (ξ , Ptn , 0),
n
where N (x, Σ, µ) is the value at x of the Gaussian density
of mean µ and covariance matrix Σ.
Remark 4: There are two remarkable features of this filter.
First, the Kalman gains do not depend on the bias btn . This is
logical but it will play an important role in the sequel. Then,
around a large and relevant class of trajectories defined by
constant inputs ωt , at , the Riccati equation followed by the
error covariance matrix is time-independent, and the Kalman
gains are thus expected to converge.
D. Description of the proposed particle filter
The basis of the algorithm (and more generally of approximate Rao-Blackwellized Particle Filters) is the assumption
that for a given sequence of bias values b̃n and an instant
t ∈]tn ,tn+1 ] the marginal density P(χt |b̃n , Ỹn ) is well approximated by a Gaussian with mean and covariance output by
an IEKF. Thus, only the sequence of bias values has to be
sampled, using N p particles. As we are interested in the
density of the current bias, each particle only stores the last
bias btj and conditional mean χ̂tj (the conditional covariance
matrix is computed using the invariant error equation). If the
btj are i.i.d sampled particles an empirical estimate of the
posterior distribution P(bt , χt |Ỹn ) of the whole current state
(bt , χt ) then writes:
1
Np

1) Computation of P(χtn |b̃nj , Ỹn ): We obtained in Section
IV-C that P(φ −1 (χt−1
χ̂tn ) = ξ |b̃n , Ỹn ) ≈ N (ξ , Ptn , 0).
n
We can extract the relation P(xtn = x|b̃nj , Ỹn ) ≈
N (x, R̂tjn HPtn H T R̂tjT
, x̂tj ) that will prove useful in the
n
sequel.
j
2) Computation of P(Yn |b̃n−1
, Ỹn−1 ): Let Jn be the event
“the bias jumps between tn and tn+1 ”. This event is independent of χtn+1 . We let pJ denote its prior probability, and J¯
its opposite. If J occurs, according to (28), Yn is the sum of
three independent Gaussian vectors: xtn , btn and Vn . Thus
j
P(Yn |J, b̃n−1
, Ỹn−1 ) = N (Yn , RtTn H T Ptn HRtn +σb2 I3 +r2 I3 , x̂tjn )

If J¯ occurs, Yn is the sum of two independent Gaussians, xtn
and Vn , and a known vector btn . Thus
j
P(Yn |J,¯ b̃n−1
, Ỹn−1 ) = N (Yn , RtTn H T Ptn HRtn + r2 I3 , x̂tjn + btjn )

We can conclude introducing the quantities Π1 and Π2 :
Π1 = pJ N (Yn , RtTn H T Ptn HRtn + σb2 I3 + r2 I3 , x̂tjn )
Π2 = (1 − pJ )N (Yn , RtTn H T Ptn HRtn + r2 I3 , x̂tjn + btjn )
j
yielding P(Yn |b̃n−1
, Ỹn−1 ) = Π1 + Π2 .
j
3) Computation of P(bn |b̃n−1
, Ỹn ): This probability decomposes as follows:
j
j
j
P(bn |b̃n−1
, Ỹn ) = P(J|b̃n−1
, Ỹn )P(bn |J, b̃n−1
, Ỹn )
j
j
¯
¯
+ P(J|b̃ , Ỹn )P(bn |J, b̃ , Ỹn )
n−1

Np

∑

j=1

implement the procedure we should be able to:
j
Compute P(χtn |b̃nj , Ỹn ) from P(χtn−1 |b̃n−1
, Ỹn−1 ), bn , Yn .
j
j
Compute P(Yn |b̃n−1 , Ỹn−1 ) from Ptn , bn−1
and χ̂tnj .
j
j
Compute P(bn |b̃n−1 , Ỹn ) from Ptn , bn−1 and χ̂tnj .

δb j (bt )P(χt |b̃nj )
t

n−1

Conditioning on Yn we have:

As it is impossible to sample efficiently from the posterior
distribution, we use importance sampling that weights the
particles according to their likelihood. The following steps
are thus repeated over time:
1) Propagation: the conditional estimates χ̂tj evolve following the deterministic part of (29) and the Riccati
equation (16) is integrated.
2) Resampling: when a measure Yn is available the
bias of each particle is resampled following the law
j
P(bn |b̃n−1
, Ỹn ).
3) Re-weighting: the weight attached to each particle is
j
multiplied by P(Yn |b̃n−1
, Ỹn−1 ), then the weights are
normalized. A resampling can be performed.
4) Marginal density update: the conditional mean χ̂tnj
associated to each particle is updated using (13) and the
sampled bias bnj . The (particle independent) invariant
covariance matrix Ptn is updated.

j
, Ỹn ) = Π1 /(Π1 + Π2 )
P(J|b̃n−1
j
P(J|¯ b̃n−1
, Ỹn ) = Π2 /(Π1 + Π2 )

If J occurs using the fact bn is a Gaussian and Yn − x̂nj a
noisy measurement of it, the linear Kalman equations yield:
j
P(bn = b|J, b̃n−1
, Ỹn ) = N (b, R̂tjT
Pb R̂ j , R̂tjT
Knb R̂tjn (Yn − x̂nj ))
n
n n tn

with Knb = σb2 (H T Ptn H + σb2 I3 + r2 I3 )−1 and Pnb = σb2 (I3 −
Knb ). If J¯ occurs the bias does not change : P(bn =
j
j
b|J,¯ b̃n−1
, Ỹn ) = δbjn−1 (b). Finally P(bn = b|b̃n−1
, Ỹn ) writes:
Π1 N (b, R̂tjT
Pb R̂ j , R̂tjT
Knb R̂tjn (Yn − x̂nj )) + Π2 δbn−1 (b)
n n tn
n
Remark 5: To sample from this law (see Algorithm 1)
we first choose if the bias jumps (for instance comparing
Π1 to a uniform variable). Then, if it is the case, we use
j
a Cholesky decomposition Pnb = (Lnb )(Lnb )T and let bn+1
=
jT b j
j
jT b
Rtn Kn Rtn (Yn − x̂tn ) + Rtn Ln X where X is sampled following
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TABLE I
PARAMETERS OF THE SIMULATION

a standard three dimensional normal law. Note that a direct
Cholesky decomposition of the variance RtjT
Lnb Rtn would be
n
a bad choice as the computation would have to be done for
each particle.
Algorithm 1 Invariant Particle Filter
The prior estimation χ̂0 and variance P0 are supposed
known
for n = 1 to T do
Solve R0 = I3 , dtd Rt = Rt ωtn +t on [0, ∆t]
R
R
Compute v∆t = 0∆t Rt atn +t and x∆t = 0∆t vt
Solve dtd Pt = Ft Pt + Pt FtT + Q
Compute Sn = HPtn H T + r2 I3 and Kn = Ptn H T Sn−1
Compute Knb = σ 2 (H T Ptn H + σ 2 I3 + r2 I3 )−1 , Pnb =
σ 2 (I3 − Knb )
Compute Lnb such that (Lnb )(Lnb )T = Pnb+
for j = 1 to N p do
Rtjn+1 = Rtj+
R∆t , vtjn+1 = vtj+
+ Rtj+
v∆t + (∆t)g
n
n
n
j
j+
j
j+
1
xtn+1 = xtn + (∆t)vtn + Rtn x∆t + 2 (∆t)2 g
Compute Π1 = P(Y |Jn ) and Π2 = P(Y |J¯n )
Sample c ∈ [0, 1] following an uniform law
Update the weight: w j+ = (Π1 + Π2 )w j
if c < Π1 /(Π1 + Π2 ) then
Sample X following a 3-dimensional normal law
b j = RtTn Kbn Rtn Yn + RtTn Lnb X
end if
j
Build χtn+1
using Rtjn+1 , vtjn+1 and xtjn+1
j+
j
χtn+1
= χtn+1
exp(L (Kn RtjT
(Yn − b j − xtjn+1 )))
n+1
j+
j+
j+
j+
Extract Rtn+1 , vtn+1 and xtn+1 from χtn+1
end for
Compute Pt+
= (I9 − Kn H)Ptn
n
Normalize weights and possibly resample
Np
Compute the mean position x̃t = ∑ j=1
w j+ x j+
end for

F. Some remarks about bias observability
Before the first GPS jump: A constant bias is not
observable. Thus, the best one can do before the bias has
jumped is to efficiently filter the GPS and inertial sensors
noise to reconstruct the state up to a position offset.
After one jump: As the inertia gives an accurate shortterm estimation of the trajectory, the bias jumps can be
detected and the value updated using the difference between
the estimated position and the GPS observation. But the
residual centered noise Vn of the GPS (after bias correction)
affects this first estimation and can be handled only using
future GPS measurements. Hence the interest of sampling
several values of the new bias then selecting those which
best fit the observations to come.
After many jumps: As the bias is assumed centered,
it can be recovered asymptotically. Indeed in the proposed
algorithm, the re-weighting will eventually eliminate the
particles whose sequence of bias has a mean far from zero.
This prevents the position to diverge from the GPS trajectory

Duration
Variance of the gyroscope noise
Variance of the accelerometer noise
Probability of a GPS bias jump
Frequency of the GPS observations
Variance of the regular GPS observations
Variance of the GPS bias

1000s
10−8 rad/s2
10−6 m2 /s5
10−3 s−1
10Hz
1m2
100m2

TABLE II
R ESULTS OF THE SIMULATION : RMSE OF THE ERROR
Number of particles
RMSE (m)
Computation time (s)

1
105,62
1,29

10
96,31
2,61

30
75,73
5,64

100
70,37
15,59

1000
66,59
150,52

in the long run, this discrepancy being erroneously explained
explained by a large non-centered estimated bias.
G. Results
Algorithm 1 has been implemented with the parameters
given in table I. The initial state is known. Then the estimate deviates from the true trajectory due to gyroscope,
accelerometer and GPS noise. As a small set of parameters is
sampled (the components of the GPS bias) using moreover an
optimal sampling the filter gives reasonable results even with
one particle. The accuracy of the localization is measured
using the total Root Mean Square Error (RMSE) of the
position over the whole trajectory. Its performance improves
as the number of particles grows but stabilizes fast (see table
IV-G) as the sampled variable is only 3-dimensional. The
computation time is also displayed in table IV-G, for a naive
Matlab implementation using ”for” loops and it can be seen
that the cost of 10 particles is only around twice the cost
of one particle. Considering Algorithm 1 in detail the reader
could even expect a much smaller difference between the
cost of 1 and 10 particles but the result we obtain is affected
by Matlab’s poor ability to deal with loops over the particles.
The end of the trajectory estimated by the Invariant Particle
Filter is drawn on Figure IV-G and compared to the true one.
The apparent gap in the GPS observations is due to a bias
change. We see that the filter is able to manage the nonGausian noise model of the GPS with an accuracy improved
as the number of particles increases.
V. CONCLUSION
This paper has introduced the idea of using some geometric properties of a system allowing to sample from a
lower dimensional distribution in particle filtering. A novel
property of invariant observers has also been derived, and
directly applied to build a class of system for which the
combination of invariant and particle filtering brings decisive
properties in terms of computational burden. The realism of
the proposed model has been proved by the implementation
of the method on a very concrete non-linear localization
problem with non-Gaussian and non-white noise. The strong
convergence properties of the Invariant Extended Kalman
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Fig. 1. Zoom on the end of the trajectory estimated by the Invariant Particle
Filter with 1 and 100 particles, illustrating the usefulness of sampling. The
beginning is not informative as the the inertia gives an accurate estimation
on the short run in both cases. As an accurate near-optimal sampling
is performed, a unique particle provides already a reasonable estimate.
Sampling 100 particles improves the performance and, due to the properties
of invariant filtering, is not much more expansive

Filter can be expected to have interesting consequences on
the accuracy of the obtained sampling. No result in this
direction is given here but the authors intent to address this
issue in the future.
A PPENDIX I
E XPONENTIAL MAP IN THE GROUP OF DOUBLE
HOMOGENEOUS MATRICES

The exponential of a matrix

(ζ )×

0
s=
0

of the form:

u1 u2
0 0
0 0

can be computed by the following closed formula:
exp(s) = I5 + s +

1
1
(1 − cos |ζ |)s2 + 3 (|ζ | − sin |ζ |)s3
2
|ζ |
|ζ |
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