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Abstract: In this paper we consider an atomic system with a narrow itiansprobed with a user-
controlled electromagnetic radiation, the basis of atoohicks. We propose a simple feedback-loop
in order to lock automatically the probe frequency on thera¢daransition, allowing continuous clock
operation without any preparation steps. The proof of thevemence of the feedback-loop is based
on averaging arguments, with approximations compatibth weialistic physical parameters. Numerical
simulations illustrate the robustness of the proposeddaekdioop versus measurement noise and bias.
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1. INTRODUCTION coherent pulses, and finally measured and replaced by new
atoms for the next sequence.

Dilute mono-atomic gases are very simple systems, in t SESETA ot of effort is now being put into the development of cheape

their constituents (atoms), are perfectly identical artdract . hter and less power-consuming atomic clocks. Such eevic
very weakly with each other. Atoms in such gases can be cop? ; POWE ; 9 A X
ave direct applications in portable geopositioning nesr;,

sidered as perfect quantum systems, with a sequence Oémscgravimeters, or magnetometers. Continuous-operatiotks|o

energy states labeldd, for i € N, with increasing energies &uch as those based on coherence population trapping (CPT)

E; = hw depending only of the atomic species considered, : :
: : ; fesonance (see Vanier [2005]), are very desirable bechage t
Atomic clocks take advantage of the universality of thesgppr are simpler and require less equipment, power, and room.

erties to deliver a stable, periodic electromagnetic digiéch » B :
frequencyw is one the frequency differences; = w; — w. szserg:amkl: a:ewg?sr??r Onueﬂrle triiln;méssg)n t r?eeaal:to(r%cdlp)
Compared to astronomical, mechanical and electromecani probe fase Tﬁ | €a f e (I) ek b f d
clocks, atomic clocks have unprecedented long-term abil >Y>€™ resgn%nce. e laser quuenqk/‘ ock can h(? ﬁer (|3rme
and suffer no ageing (see Audoin and Guinot [2001]). ;Jsmg standard extremum-seeking techniques, which rely on
requency modulation and synchronous measurement of the
The atomic gas interacts with electromagnetic radiatioa attransmission (see Audoin and Guinot [2001]). In this pawer,
frequencyw only if there is a transition — j with w~ w;i. propose a feedback scheme that allows to lock the frequency o
Supposing that atoms are initially in the ground stétethey a very narrow atomic transition, regardless of the initiates of
can get to the excited statg) by absorbing a photon at the atoms. It is in principle suitable for continuous-opiera
frequencyw. In a clock, absorption is measured and a feedbackocks.
loop allows to lock the radiation frequency to the absorptio
peak. The width of the absorption peéko is limited by the
natural lifetime in the upper statg) : dw x 1; > 1. For a
precise clock, one wants to minimideo, and choose an excite
state with a long lifetime (typically seconds). The maximu
absorption rate is then limited by the time needed by the ato
to spontaneously fall back to the initial state, leading fwar
continuous-operation absorption signal. To avoid thaimédt
clocks work in a pulsed regime : atoms are initially prepare
in stateli), then driven to the excited stafg) by one or two

The paper is organized as follows. In section 2, we detalil
the system, its model and set the frequency lock problem
qgasa stabilization problem via output feedback. In sectipn 3
nyve present a simple dynamics output feedback scheme with
gf;f\in design rules. Closed-loop simulations indicate aelarg
convergence domain and also a good robustness versus measur
noise an bias. In section 4, we propose, in a rather inforrag] w

H'le basic step underlying a convergence proof and justiy th
gain design depicted in section 3.
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e> properties: t(p) = WiWe+WiWy =1 andp? = WwWIpyi = p.
I A Thus rewriting (1) the system becomes

LIPS 86,4+ Ry
aiP = 7' 2% 5 P

y=tr(oz0)
where [,] is the commutator. The first controlled inputQg,
via the probe amplitudéd. The second controlled input is
associated to the probe frequency. Since we do not havesacces
to w precisely here, we cannot consider thais the second
input @A is not known here, only its time variation is). This
means that the second controlled input gith %A = puwhere
pis a positive constant not known precisely (only its magietu
order is known) : the control input acts on the time variation
of A. The goal is to use the measured outptd steer, viaA and
u, the frequency detuning to 0. Of course we do not have access
to the precise value of the parametgrandp, to the detuning\
and to the density matrig. For a mathematical justification of

Fig. 1. Atomic states considered in the problem. Doubledbda thiS decoherence free model despite the presence of continu
arrows indicate frequency differences— e s the clock Measure, see, e.g., Mirrahimi and Rouchon [2006].

transition, at a frequencyeg. g — U is the measurement The automatic-control problem considered here is as fatiow

g>

transition,|u) decays rapidly tgg) with a rater". take the following system (two-state quantum system)
hyperfine transitions in caesium or rubidium, exploited by-c Ep — [Aaer ’LAGX p}
rent frequency standards), up to the*18lz range (single ion dt 2 2
optical clocks, future optical lattice high performanceats). ZA=pu ()
The excited state is metastable, i.e. it has a very long life- dt
time. This transition is probed with a coherent radiatiofret y = tr(ozp)

guencyw and amplitudéA. It induces Rabi oscillations (photon with controlled inputsA and u and with measured outpuyt
absorption-emission cycle) at a frequerfey = A, with ya  design an output feedback law robust to more than 50% of
positive unknown constant. Typicallyr is in the kHz range is relative-variation foru and p such thatA always converges to
most clocks, but can be easily increased to MHz if necesaary. 0.

in quantum physics the measurement perturbs the system, the

actual system consists here in a population of identicaésys.

The population of the ground state is continuously measured 3. OUTPUT FEEDBACK AND SIMULATIONS

with a laser resonant with a second transitpr- u, where _

|u) is an unstable excited state which decays rapidly toward§e propose the following feedback law: get= A to a positive
|g) with a decay ratd™. Detection of fluorescence photonsconstant (since the probe amplitude is a controlled inpod) a
accompanying decays determines the population in $pate take

Population in statéu) is negligible, so that the dynamics of the KoK (K2 —Kp)s—KiKs

system is described by a two-level Satlinger equation : u=(K2—Kp)y— stk V™ ( e ) 3)

d A Or W wheres = % is the Laplace variable, the gailg,K,,K; are
V= <20z+ 20x) v, W= <qf;) €C® (1) strictly positive and satishRg > K > "(Kéi’RKl) and Q3 >
pKi, pKz. The circuit realization of such simple transfert be-

where we let tweeny and u is elementary and thus can be implemented
01 0 — 10 easily in practicey varies with a characteristic frequenQg.
=110/ %=\, 0/ 9%={0_-1 Notice that the zero of this transfert is unstable and thus is

g ) ) very different from the transfert of simple proportionatégral
denote the Pauli matrices and wheke= wxom— @ is the  regulator.

atom-probe pulsation detuning. We have the useful relation ) _ ) )

O-)% — 1, O'Xo'y = 10y (W|th circular permuta‘[ion)_ Through a For the Closed—loop numerical S|mu|at|0n of flgure§ 2 and 3 we
weak measurement process (as already said earlier) we h#éeA=1, 4 =2mandp=1. The design of the 3 gain;, K>
access to the populations in real-time. This means that \@&@dKs, is given by (6) of section 4.4 witky = 1/5, &, = 1/10

can consider thag =< oW, W >= |Wg|2 — |We|2 = 2|Wy|2 — and= = 2 andQg = pA. The initial conditions ar@(0) = (I —

1 is the measured output of this system as the measuremé&rt/2 andA(0) = Qg wherel is the 2x 2 identity matrix. These

is the ground state populatiqwglz and the Conservation Of Slmulations illustl’ate the robqstneSS Of the pl’O[_DOSEdUHZ(dd
probability implies| l'IJg|2 + |L,Je|2 -1 loop versus measurement noise and constant bias.

It is convenient to write the dynamics with the density matri
let p = WWT denote the complex matrix associated to the 4. CLOSED-LOOP CONVERGENCE ANALYSIS

projector on the stat&’. Supposing that the system is pure
(meaning it is not entangled to its environment) implieshbotA geometrical interpretation is given in the appendix.



Oay aox aox Oay
y=tr (e'ze"ZUZe'ze"2Z>
0 .0 .
= tr((cosi +1 S|n§0X)(cosa —Isinaoy)..
6 . 0
..az(cosE — |S|n§aX)Z)
= tr((sina(sin2 g +co¢ g)ax +2cosa sing cosgay

6 .,0
+cosa(cos?§ —5|n2§))z)
= tr((sina oy + cosa (sinfay + cosBoy)){ )
Another useful feature is that for any resdind 2x 2 matrixM
e'%"x[ay,M]e"%"X _ [elaaxo.y,elgoXMe—l%‘ax} "
e|%UX[O-X,M]e*|%O'X = [O-XaeI%UXMeilgax] ( )

which can be completed performing circular permutations on
Ox, Oy, 0z. Using (2) we have:

d d ox aoy aoy  _@oy
Fig. 2. Closed-loop simulation of (2) with output feedba8 ( EZ = a(e'ife*'%pe'%e'if)
perfect measurement. The 4 graphics repregantA/Qgr 5 . p vor o
and t(oxp). :|§[GX,Z]+e'%(fl§[ay,e"7ype'Ty]
Box

A Q
e [5024— TRUX,p}e'i;y)e*'T
Using the formula (4) we have on the one hand

a 8o _ a9y aogy . 80 a
—'59'%[@,9 "2 pe 7 )e T = —'E[eleaxayf]

and still using (4) we have on the other hand

_, 9% A QR | 9%
e' 7z [Eaz+ 7Gx,p]eﬁf

A .
= [E(cosa 0, +sina o)

a Oy

Q . a oy
+ 7R(cosa Ox—sina g,),6” 2 pe 7 |
But by definition ofa we have

Q ) A
cosa = ——R __ and sim =

Using alsod = A /Q§+A2. In the new variables the system (2)

Fig. 3. Closed-loop simulation of (2) with output feedbask (

measurement with an additive gaussian with noise of RM21IS dgwn to
1/5 and a constant bias of/3. The 4 graphics represent —{ = —I< [cosOay —sin60z,{]
y, u, A/Qr and t{oxp). Notice that the measurement bias %t 2
induces a bias foA/Qg. aA = pu
4.1 Change of variables y = tr((sinarox+cosa(sinfoy + cosfay)){)
where
In order to have simpler formulas we consider some changes of Ea — cosa EA/ A2 4+Q2
variables. Define the anglesand@ by the relations inceQ (6. A) dtk . (tiit © This last ity is obtained
sinceQg (i.e. A) is kept constant. This last equality is obtaine
Qr+1A d .
€= = _—9=,/Q2+A? writing 3o = —1(dea)e1a,
\/@ dt R 9 at (dt )
, i , 4.2 Closed-loop dynamics in the new variables
Consider the following change of coordinates (new frame)
o= e.@eﬂ%zé%eq"—?. With the feedback (3), the closed-loop system reads
First, in order to express the system in the new variables, Wegg - (pQR(—K1y+ Kz(y—yf))> [cosf0y — sinBay, ]
introduce some useful formulas : for any realve have (for %t 2(0%2+ Q3)

instance withoy) A
€%% = cosa+Isinaogy andthus €%%oy = gye "% é“

which can be completed performing circular permutations or&yf = Ki(y—yr)
Oy, Oy, 0. This proves that the output writes y = tr((sinaoy+ cosa(sinfay+ cosboy)){).

P(—Kyy+Ka(y—yr))



Assume thatA < Qr (which means the system is close tothusy; is an estimation of\. This system is stable as soon as
resonance). We have up to second order ternis/ g,

. . p(K_z — K_l) pK_z . .
EZ L <p(—K1y+K2(y—yf)) the Jacobian matr|>( K K has its eigenvalues
dt”

> [cosBay —sinBoy, {|

I 20r with negative real part, i.&K; > p(Ky — Kj). In this case, the
B averaged system admits an exponentially stable steatdy-sta
@A = P(—Kay+Ka(y—yr)) that is also an equilibrium of the original system, thus the
Syt = Kely—vs) steady-state is also exponentially stable for the origsgatem
dt A (cf. Khalil [1992], Theorem 8.3).
y=1 ((QUX+S'”90y+005902)Z> We proved (using averaging arguments) that with the feddbac
R control law (3) and a suitable choice of the gakis K1, Ko,
where$6 = Qr > Kf,g%,g%- With the system (2) is such that the laser de-tundngonverges
K — Ky - A to O indeed. By the way we also proved that the variable
Ki=—, Kn=—, A=_— 9% 1IN O 8%
Qr’ Qr’ Qr €2 e'2 pez e 2 convergestdl + ox)/2.

we have the following system , L . .
4.4 First-order approximation and tuning of the gains

EZ _ p((K2 — Kq)tr (Ao + sinBay +cosf o)) + Kayr)
dt” _ 2 The convergence analysis is local and based on averaging
...[cosBay —sinBay, (] arguments. It suggests the following design for the ¢airky,
d- - — . - Kt based on the tangent linear system arogind (I + ox)/2.
il = P((Kz = Ko)tr (A0 +sinBay +c0s807)¢ ) + Kays LetY = tr(0,{) andZ = tr(0,{). (They are the coordinates
d _ _ of ¢ on the Bloch sphere, see the appendix). The first-order
) = Kt (tr ((Aox+sinBay + cosf0;){) — yr) approximation of the system arougd= (I + gy)/2 writes:
y = tr ((Aox+sinBay + coso;){ ) dy_ PKe— Kl)Y7 d,_ _pKe—Ky) z.
dt 2 dt 2
. . . d-— - - _ d _
4.3 Rotating wave approximation EA = p((Kz — K1)A+ Kays), GV = Kt (A—vys)

We have%e > Ki,Kg, Ko. Thus%é is a high frequency. The Takee; ande; two small parameters @ €1, &> < 1, and=> 0
integration of expikd),k € N* over the timet will produce and SEt( Qn)? o2

terms of small amplitude rotating with high frequency and _ (8LR . &8¢ . -
mean. We are going to neglect them and only keep the no%l-l_ p(eL+2Z¢g)’ Ke=Ki+ p ’ K = (e1+228)Qr.
rotating terms (called “secular”). Indeed the standardtiog (6)
wave approximation consists in averaging the system ov&hen the tangent linear system around the final gtateoy) /2
a period and eliminate the terms rotating with frequency eeads

multiple of $6 and with 0 mean (see, e.g., Haroche and EY— _£1QRY EZ— _€1QRZ
Raimond [2006] for a physicist point of view or Arnold [1976] dt 2 0 dtt 2 7
Guckenheimer and Holmes [1983] for a more formal exposure). 2 _ d-— o
The above system reads (after averaging): gl T 2ZEeQr A+ (22Qr)°A=0.
d p(Kz—Ki) It implies that the system converges(tor ay) /2 indeed, since
) = - —= @ -7 t _t X ’
dtZ I 4 (tr(0z€) [0y, {] —tr(0y() [07,€]) Y,Z tend to 0, andX? + Y2+ 72 = 1 (see the appendix). The

d- - - = — probe detuning\ tends to 0. Eventually all the atoms are in the
aA = P((K2 = Kq)Atr (0x{) +Kayt) (5) same state and the probe is in resonance with the system.
d —
gu)f = Ki(Atr(oxd) —y1) 5. CONCLUSION
y=Atr(ox()

. We proposed a controller which allows to continuously tune
where we used the fact that $lncosd, and(sinf cost) are a probe radiation to the transition frequency of a two-state

?qual_ to 0 over a period and $i6 and cod6 are equal to _quantum system. The feedback law is very simple and can be
3. This system has a triangular structure where the evolutigierformed by a low-cost electronic circuit.

of ¢ is decoupled from the evolution dk and y;. This is
due to the fact that only is interfering with the rotating term
[cosBay — sinBoz, | (and notyt). Since

In order to obtain convergence (as it is done in this paper), i
is necessary that the initial detunidgO) is smaller tharQg,

d (K Ky) otherwise the transition is not probed. In the case of optica
a _ bka—K1 2 2 clocks, this can be difficult, so we can increase (tempor@gy)
dttr(GXZ) - 2 (tr(6y8)"+1r(02()7) = 0 to the MHz range, making it easier to find the transitiddg
necessarily, tfax ) converges to 1 and thusto (I + gy) /2.1 is also the characteristic frequency for the modula_tion_km‘_t
Physically, it means that all the atoms of the gaz convergiesto Probe frequency and the response of the electronic cirouit t

same state. Oncghas converged td + oy)/2, A andys obey €nsure the key resonance conditions highlighted by thedtos
loop convergence analysis. For optical clocks, the probe is

EE: p((K2 — K1)A+ Kays), Eyf =Ki(A—ys) typically a diode laser, which current can easily be modualat
dt dt at such frequencies. Electronic circuits routinely workhatse
1 See the appendix for a geometrical interpretation. frequencies.




Fig. 4. The density matrixo is “mirrored” by & on the Fig. 5. The density matrix in the new frangeis “mirrored” by

Bloch sphere. Itis rotating around the ak®sa, 0,sina) n on the Bloch sphere. The averaged dynamicg ig a
(dashed line) Wherqﬁ%,o,%) = 6(cosa,0,sina) with gradient dynamics such thAdtconverges to 1. Indeeﬁn
angular velocityd. is always pointing “north”.
. d pu .

In this paper we supposed that the two-state system was pure af = 502 [cosBoy —sinBay, (]

(i.e, itis not entangled to its environment), and we did aéet d R

into account the decoherence due to the environment. In this —A = pu

case the system does not stay on the boundary of the Bloch dt A
sphere. This issue will be addressed in future work and can be a)’f = Kg(tr ((an+sineay+coseaz)Z> — Vi)

o

treated adding Lindblad terms in the differential equagiofp. A R
y=1tr ((QO'X—I— sinBoy + cosGGZ)Z>
R
6. APPENDIX y¢ filters the high frequencies (sind& < Qg) and provides
o _ an estimation ofg-tr(0x{). We tooku = (Kz — K1)y — Kays.
6.1 Geometrical interpretation : the Bloch sphere Thusu is made of a high frequency rotating teii, — K1)y

' _ _ and of a slowly-varying ternKoy; which does not provide
The Bloch sphere is a geometrical representation of the sta&tny secular term. Indeed in the secular approximatio@éf

space of a (pure) two-level quantum mechanical system. Rlosed-loop) onlv the oscillatin Ko — K |

; . . . - 2 — ays a role
important property |s'that any density matppf such a system Agince the a\E)e)zraggd equation wrigt’ega((rsee eql()%/))p y

is a projector with unit trace and can be written - -

d p(Kz — Kl)
X —{ =1 (tr(0{) [0y,{] — tr (6y{) [07,{])
o 1+Xcrx+2Yay+ZaZ7 with & <Y> - dt 4
z We are going to prove it is a gradient dynamics. Indeed let us
where 1 denotes the identity>22 matrix. Thus we have the Write itin the Bloch sphere :
useful formulas: 1+X0w Yo+ 7 X
B B B Sety = — 2O O % andn=|[Y)es?
tr(oxp) =X, tr(oyp) =Y, tr(omp)=2 2 7
The output of the system is thé-coordinate on the Bloch _ _
sphere. The commutation operatien|dy, p] corresponds to N has the following dynamics :
the wedge produai A & (circular permutations allow to com-
plete the correspondences). Efl _ pK2 K (A6 AN
dt 2
6.2 Interpretation of the convergence analysis 41 is a vector pointing towards, on the sphere (see fig 5). It

is equal to zero only when = . It implies that%tr(axp) =
%X is positive andX converges to 1. Sincg belongs to a

The dynamics of is
EE = (%’07 é) AE unit sphere, it means that andZ converge to 0 and thug
dt 2 2 converges tdl + ox)/2.

This is a rotation with angular veIoci@;G around an axis lying This is true only ifiz — Ky > 0. But the averaged dynamics (eq

in the (x,2)-plane (see fig 4). The angle between the rotatiops)y for Awrites §A = p((Kz— Ky )Atr (0x{) +Kayr). And thus

axis and the-axis isa. This explains the change of variables ofy o fitered outpuy; must be part of the feedback law otherwise

section 4.1 since we toad® = f%, 46 =,/Q%+02. Acan not converge to zero.
R

Aft_er ha_1vmg made this qhange of varlable_s the _dy_namlcs is REFERENCES

written in a new frame linked to the rotation axig.is the
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in the Bloch sphere. Our main hypothesis is thak Qr. Up  C. Audoin and B. Guinot.The measurement of Time : Time,
to second order terms ifv/Qg, we havea = A/Qg, sina = a Frequency and the Atomic ClackCambridge University
and cosx = 1. As proved previously, the system writes Press, Cambridge, 2001.




J. Guckenheimer and P. Holmehlonlinear Oscillations, Dy-
namical Systems and Bifurcations of Vector Fiel@pringer,
New York, 1983.

S. Haroche and J.M. RaimonBxploring the Quantum: Atoms,
Cavities and Photon€xford University Press, 2006.

H.K. Khalil. Nonlinear SystemaviacMillan, 1992.

M. Mirrahimi and P. Rouchon. Continuous measurement of a
statistic quantum ensembléEEE Conference on Decision
and Contro| pages 2465-2470, 2006.

J. Vanier. Atomic clocks based on coherent population irapp
: areview.Applied Physics B81:421-442, 2005.



